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Dedication

ToallthosestudentsofEuclidwho,

likemyself,

areslowandthick.

Here'stoslowandthick.
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Instructions

ForLearners

ThisbookissimplyBookIfrom Everymind'sEuclidI&IIwith

annotationsinredaddedon. Theseadditionsshouldhelpyou

understandEuclidbetterandmakeyourwayintoprovingtheorems

evenlesspainfulthanintheunannotatedversion.Thereisstill

plentyofpainlefttoconstantlyremindyouthatyouarelearninga

mathematicbyactuallydoingit.Butatnopointinthisexpanded

versionshouldyouactuallyberenderedunconsciousbyyour

painfulefforts.

Iexpandedtheearlierversioninthiswayforthoseofuswhoare

slowandthick.Thereisalwaysagoodreasonforbeingthatway.

Often,itisbecauseyourmindisabitbroadandyouseemore

meaningsinsomethingthanothersdo.Soyouhesitatetochoose.

Sometimes,itcomesfrom notfeelingyouknowsomethinguntil

youfullyunderstandit.Ifeelthisway.Thereisnothingwrong

withfeelingthisway.

Thefasterandless-thickstudentsareoftenrunningonnatural

talent.Butyoucanrunoutofnaturaltalent.Weslowerlearners

havetolearnhowtolearn.Thetalentedcanskipthatuntilthey

runoutofgas.Andforsome,itisthentoolate.Onestudentin

myundergraduatemathclasseswassotalentedheonlyshowedup

fortests--untilheranoutofgashissenioryear.Thenhegaveup

andchangedhismajortoLatin. Learningispainful. Butyou

alreadyknowthat.Justkeeplearning;thispainisgood.

IfyouareusingEverymind'sEuclid inaclass,youcouldusethis

oneathometoeasethepain.Ifyouarestudyingonyourownlike

Idid,startwiththisoneandswapitoutifitseemstooeasyorif

myexpansionsbegintoannoyyou.Thetwobooksaretheexactly

sameinsubstance.Bothmaybeequallyannoying,aswell.
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ForTeachers

ThisbookisBookIcopiedinfrom Everymind'sEuclidI&IIwith

more help forstudents(and teachers)in learning to create

mathematicalproof. Youcouldusethisbookasatextorasa

helpervolumeforyourselfinteaching.

Writingthefirstthreevolumes,Ilearnedmoreandmoreabout

howtoconveyEuclidtothemind.SoIfirstthoughtofrewriting

BookIinamorehelpfulway.ButthenIwouldlearnmoreabout

teachingEuclidandwouldwanttodoanotherre-writeandthen

wouldlearnmoreagainandsoon.Onceinthisviciouscycle,I

wouldbecomelikethoseguyswhothinktheycanreachπifthey

justkeepdoublingthesidesoftheirpolygons.

Idecided the safestthingto do wasto keep the perfectly

acceptablefirstversionjustasitwasandannotateitincolor.That

way,thethreatofvisual,multi-huedchaosofrenewedannotation

would preventme from falling into the infinite regress of

attemptedperfection.Itwillgetthismuchbetterandnotablee

more.

IfoneweretoneedmoreEuclidproblemsatthislevel,onecan

downloadonarchive.org:GeometricalProblemsbyBland,Rider

PapersonEuclid byDeakin,RidersinEuclidbySmith,and

ExercisesinEuclid byMcDowell.OnecouldalsouseTodhunter's

exposition ofthe problemsin hisbook forthese matching

problemsinthisone.Iusedhis1867editionofTheElementsof

Euclid.Hisnumberingdiffersfrom,butisclosetomine.Soitwill

takealittleefforttomatchthem up.Mynotationisusedtomake

theproblem statementsexplicit.Alltheseotherauthors'problems

havetheambiguityofnaturallanguageandthereissomethingto

belearnedinunderstandingthat.
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Euclid-BookI

MostEuclidtextssimplystatethepropositionsandtheirproofs,

noteafew mathematicalthingsinpassing,hityouwithsome

problems,perhapsoffersomesolutions,andthey'redone.We're

notdoingthingsthatway. Forstarters,mostEuclidsbeginby

listingalltheaxioms,postulates,anddefinitionswhenyouhardly

needanytostartandsomehaveneverbeenused.Iwillsupply

thesethingsasneeded.Butweshouldfirstspelloutthe

GuidingPrincipleofEuclideanGeometry

Weconsideronlylinesmadewithastraight-edge,curvesmade

withacompass,andtheirrelations.Neitherthestraight-edge

northecompassmaybeusedformeasurement.

Andthesearethepracticalrulesforthisprinciple:

Euclid'sPostulates

1.Alinemaybedrawnbetweenanytwopoints.

2.Alinemaybeindefinitelyextended.

3.Anypointandanylinefromitmaybeusedtoconstructacircle.

Ishouldwarnyouthateveryothergeometrytextsuffersfrom

someonehavingdecidedthata"line"(exceptforacirculararc)

couldbeanydoodlebetweentwopointsandthatitwasnecessary

todefinea"straightline",whichtheydidawkwardly,thereby

cursingallofposterityintowriting"straightline"insteadof"line"

everytimealinecameup.DonotblameEuclid--hescratchedall

hislinesinthedirtwitharuler. Butyoumayhavetowrite

"straightline"inpublic.
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AllweneedforBookIProposition1,besidesthepostulates,isa

fewdefinitionsandanaxiom.Inournotation,thefirstproposition

inBookIis1.1,thefirstaxiomisa.1,andthefifteenthdefinitionof

BookIisd.1.15.So:

a.1Thingswhichareequaltothesamethingarealsoequaltoone

another.

d.1.15Acircle(⊙)isaplanefigureboundedbyitscircumference

whichisequidistant(eqD)fromitscenter.

d.1.20Atriangle(∆)isboundedbythreelines.Anyofitsangular

pointsorverticescanbeitsapexwhichisoppositeitsbase.

d.1.23Anequilateraltriangle(eqS∆)hasthreeequalsides.

Nowweneedtobackfillbutonlytoclarifythought:

d.1.13Aplanefigureisanyshapeenclosedbylines,whichareits

perimeterorboundary.

d.1.7Aplaneisasurfacesuchthat,foranytwopoints,theirline

liesentirelyonthesurface.

d.1.6Theboundariesofsurfacesarelines.

d.1.5Asurfaceislengthandbreadth.

d.1.3Theextremitiesandintersectionsoflinesarepoints

d.1.2Alineislengthwithoutbreadth.

d.1.1Apointispositionwithoutmagnitude.

Inournotation,weusecapitalletters.Pointsaresingleletters.

Forpointsonorendinglines,weuseA,B,C,...andforpointson

theirownP,Q,R,...withOusedforthecenteroffigures.Lines

areusuallytwoletters,suchasAB,whereAandBareitsendpoints.

Foranyoldtriangle,weuse∆ followedbyitsvertices,asin∆ABC.

Thefirstletteristheapex,thenexttwoaretheleftandright

endpointsofthebase.Ingeneral,welabelallpoints,whatever

theybelongto,fromtoptobottomandlefttoright.Anequilateral

triangleiseqS∆,Sfor"sides".WehaveeqDfor"equidistant"and

eq∠ for"equiangular".
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Circlesareusually⊙A,AB,wherethepointisitscenterandtheline

isitsradius.Euclidneverdefinesradiusbeyondthat"anylinefrom

it"inpostulate3(p.3).Butwewillusetheterm.Wespeakofan

existingcircleusingonlyitscenter(⊙A).

IshouldalsopointoutthatEuclid'sElementsarenotEuclid's.He

wasnottheancientworld'sfinestgeometer.Hewastheancient

world'sfinestorganizerandharmonizerandadecentnumber

theorist. Hetookmostofthegeometryuptohistimeand

organizeditsothatitbuiltfrom asinglefirstpropositionintoan

edifice thatcontinues to grow and foreverwill. He also

standardizedtheform ofgeometricalproofs.HereishisBookI,

Proposition1,intheform hegaveit,from Heath'stranslationof

theGreek:

Proposition1

Onagivenlinetoconstructanequilateraltriangle.

LetABbetheline.ThusitisrequiredtoconstructanequilateraltriangleonlineAB.With

centerAanddistanceABletthecircleBCDbedescribed(p.3);again,withcenterBand

distanceBAletthecircleACEbedescribed(p.3)andfromthepointC,inwhichthecircles

cutoneanother,tothepointsA,BletlinesCA,CBbedrawn(p.1).NowsincethepointA

isthecentreofthecircleCDB,ACisequaltoAB(d.1.15).Again,sincethepointBisthe

centreofthecircleCAE,BCisequaltoBA(d.1.15).ButCAwasalsoprovedtobeequalto

AB;thereforeeachofthestraightlinesCA,CBisequaltoAB.Andthingswhichareequal

tothesamethingarealsoequaltooneanother(a.1);thereforeCAisalsoequaltoCB.

ThereforethethreelinesCA,AB,BCareequaltooneanother.ThereforethetriangleABC

isequilateral;andithasbeenconstructedonthelineAB.Beingwhatitwasrequiredto

do.

That'sit.Nodiagram.Justalumpoftext.You'reonyourown

withrulerandcompassin350B.C. Itbecamebetterby1867.

IsaacTodhunter'sProposition1camewithadiagram asyouwill

seeonthenextpage.

Hereinthebeginning,masterthenotation.Youshouldbeabletoreaditoffin

naturallanguagewithouthesitation.Itsusewillremovealltheambiguitiesthat

naturallanguagewouldbringtoEuclid'spropositions,Todhunter'sproblems,and

yourownwork.Masterit.
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Proposition1.Problem

Todescribeanequilateraltriangleonagiven

straightline.

LetABbethegivenstraightline:itisrequiredto

describeanequilateraltriangleonAB.

FromthecentreA,atthedistanceAB,describethecircleDCB.[Postulate3.

FromthecenterB,atthedistanceBA,describethecircleACE[Postulate3.

FromthepointC,atwhichthecirclescutoneanother,drawstraightlinesCAandCBto

pointsAandB[Postulate1.

BecausethepointAisthecentreofcircleBCD,ACisequaltoAB[Definition15.

AndbecausethepointBisthecentreofcircleACE,BCisequaltoBA[Definition15.

ButithasbeenshownthatCAisequaltoAB;

ThereforeCAandCBareeachofthemequaltoAB.

Butthingswhichareequaltothesamethingareequaltooneanother[Axiom1.

ThereforeCA,AB,BCareequaltooneanother,

WhereforethetriangleABCisequilateral,[Definition23.

anditisdescribedonthegivenstraightlineAB[Q.E.F.

Youcanseethetextismoreorganizedafter2210years.Loney's

reworking ofthe lastTodhunter Euclid in 1899 putevery

propositioneitherononepageoronfacingpages.Todhunterput

alltheproblemsatthebackofthebook,orderedbygroupsof

propositionsfromeachbook,graduatedfromeasytohard.Loney

pulled theproblemsup to thepropositionsthatmadethem

possible.

Butmainly,youcanseethatthediagramistherealimprovement.

ImmanuelKant described mathematics as "the science of

diagrams."ThisistrueandisthekeytograspingEuclid.Asyou

workthroughthisbook:

 writedowneachproposition

 copyeachdiagram

 writedowntheproofandabsolutelyfollowthelogic
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Otherwise,unlessyournameisRamanujan,youaremissinghalf

thebook.Wedon'treadmathematics.Westudyandcomprehend

mathematics.Butbacktothediagram.Everythingweknowabout

theobjectsunderconsiderationisputintoeachdiagram.Thenwe

canconsiderwhatourknowledgeimplies. Thepowerofthe

diagramisthatitcanbetakeninasawhole.Anditsveryexistence

suggestsitsimplications.

Inasense,algebraicnotationisalsoadiagram,inthatitcanbe

takeninveryquickly--certainlymorequicklythantheoriginal

syncopatedalgebra,which,likeEuclid's1.1,describeseverythingat

lengthinthevernacular.WhichmakesitworsethanEuclid:try

describingx²+2x+1algebraically,withallitsmeaning,inwords.

OurnotationwillallowustoabbreviateTodhunter'sversionwhile

makingitsoclearthatwecantakeitinalmostataglanceandread

itoffwithease.

Forour1.1,weneedalittlemorenotation. Wewillusethe

multiplicationsign(×)forintersectionand"@"for"at".So"lineAB

intersectslineCDatpointE"becomes"AB×CD@E".Wewilluse

"∴"for"therefore"."∀"means"any","every",or"all",whichare

logicallythesame.WhencreatingalinebetweenAandB,wesay

"JoinAB".Whenoneargumentisthesameasthepriorone,we

canuse"Sym."or"symetrically"toshortenthesecondone.And

our conventions for circles allow us to never to write

"circumference":ifanythingtouchesthecenter,itis"oncenter",if

ittouchesthecircumference,itis"∈⊙"or"oncircle".Andifitis

inthecircle'swhitespace,itis"in⊙"."Touch"inBookIIImeans

"tangentto".Hereitjustmeans"touchesinanyway."Andthere

aretwokindsofequality:equalinmagnitude(quantity)"="and

equalineveryway"≡".

Ithinkwehaveeverythingweneedfor:
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Proposition1.Problem

Given:∀lineAB,

Required:eqS∆onAB

Method

⊙A,AB×⊙B,AB@C,F(p.3,d.1.15)

JoinAC,BC.(p.1)

∆ABCrequired

Proof

AB,ACradii⊙A∴ AB=AC(d.1.15)

Sym.for⊙B,BC=AB

∴ AC=BC(a.1)∴ AB=BC=AC

∴∆ABC≡eqS∆onAB(d.1.23)

Iam usingTodhunter's1867diagrams. Theymayhavemore

lettersthanweneedandwillnotalwaysfollow ourlabelling

conventions.Evenwithoutadiagram,ourconventionstellusthat

ifABishorizontal,CisaboveF,andifvertical,totheleftofF.We

willrarelyuseTodhunter's"circleACE"(⊙ACE)wheretheletters

arepointsoncircle.ButinBookIII,welearnthatanythreenon-

colinearpointsdefineacircle.Apropositioniseithera"theorem"

provingsomethingistrueora"problem"provingsomethingcanbe

constructed. Sym."axioms"aretrue,"postulates"constructible;

bothareunprovenandwearerequiredtoacceptthem without

murmuring.

Ihavealreadytoldyouhowtomissoutonhalfofthistext.Letme

tellyouhowtomissoutontheotherhalf.

 Donotworktheproblems. Actually,ifyou skip the

problems,youwilllearnalmostnothing.Ifyouaregoing

todotheproblems,makesureyouchecktheProblem

Diagram appendix.Thiswillcorrectyourdiagram ifitis

wrongbeforeyouuseitandverifythatyourlabelsmatch

thoseinthesolution.
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 DonotchecktheProblem Diagram appendix. Working

hardonthewrongdiagram isagoodwaytoruinyour

moodfortheday.Andhavingyourlabelsdifferentfrom

thoseinthesolutionisafrustratingexerciseinremapping

yoursolutiontothetext's.

 DonotusetheProblem Hintsappendix. Everyproblem

hasahint. Ifyoucan'tcomeupwithabrightideain

fifteenminutes,youmaypassoverintothedeadzone.

Todhunternotesthatself-learnerstendtolookupthe

answertoolate,ratherthantooearly.Goahead--burn

yourselfout. Usingthehint,youshouldn'tspendmore

thantenminutestryingforabrightideaeither.Ifyoucan't

getoutofthedarkness,giveitupandstudythesolution.

 DonotcheckyoursolutionsintheProblem Solutions

appendix. Ifyouhaveasolution,checktoseeifitis

correct.Ifyouaresureyoursiscorrectandthetext'sis

different,thinkhardaboutyoursolution. Twoorthree

times,minehasbeenjustasrightasTodhunter's. The

otherseveraldozentimes,Iwaswrong.Copythesolution

justasyou copythepropositionsand theirproofs--

thoughtfully.Ifyousimplywrotedowneachofthe134

problemsandthencarefullystudiedandwrotedowneach

solution,youwouldlearnagreatdeal.Andifyouwent

backandtriedtosolvethem all,you'dfindyou had

forgottenmostofthesolutionsbuthadlearnedthetoolsto

beginsolvingthem with.Also,thisappendixfurthersour

notationandnoteswhatyoushouldbegettingoutofall

yourhardwork.

Youwillgraspthenotationmorequicklyifyouuseitasinstructions

tocreateyourdiagram witharulerandcompassratherthan

copyingthediagramsdirectly. A diagram mustberelatively

accurateinordertosuggestitsactualimplications.
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Finally,forthe1.1problem,youwillneed:

d.1.33ArhombusisaneqS4-gonwithnorightangles(∟)

d.1.22Apolygonorn-gonisaplanefigurewithnlinesforsides.

Afigurewithfoursidesisa4-gonor"quadrilateral".

Eucliduses"polygon"forfiveormoresidesandthengivesthem

nameswithtoomanyletters,justlike"quadrilateral".

Problems

1.Problem

Constructarhombus.

HereisaremarkIoriginallymadelaterinthetext.ButIshouldhavemadeithere.

Indiagrams,youwillseewhatyouhavebeenconditionedtosee.Sofar,youhave

seenonediagram.Withthedefinitionofarhombusinmind,takeyouronediagram

andslowlyrotateit.Bythetimeyourotateitthrough180°,youwillseeyour

rhombusappearhalf-abovetheexisting,nowupside-downeqS∆.Whilethisexample

istrivial,theideaofrotatingyourdiagramisnot.Whenlookingforthesolutiontoa

problem,ifyoudon'tgetanybrightideasfromthediagramasitsits,rotateitslowly

andcontemplateit.Youwillseewhatyouhavebeenconditionedtosee.Sogive

yourselfthechancetoseeit.

Okay.Nowgodotheproblem,checkthediagram,usethehintif

necessary,andcheckyoursolution.Thesolutionwilloftenadda

bittoournotation.I'llwaithere.

Welcomeback.AsIsaidinthehint,youhaveonlyonetool.Not

onlythat,youhaveallofit.Andyouhaveeverythingthereisto

knowaboutproposition1.1.Thisishowmathematicsis.Itisnota

big,darkroom,wherewhatyouunderstandamountstotinydots

oflight.Itis,foreachofus,thesumofthesimplethingsweknow.

AndyouknowallthereistoknowaboutanylineAB:itisthe

endpointsA,Bandthestraightlinebetweenthem. Youknow

everythingthereistoknowaboutsome∆ABC:itismadeupofthe

linesjoiningthosepointsandthat'sall.Youwilllearnagreatdeal

abouttherelationsoftheseobjects.Butyoucan'tknowthoseuntil

youaretoldaboutthem,unlessyouaregoingtore-inventevery

wheel--whichmostofuscan't.Truly,ateverypoint,youknowall
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youneedtoknow.Euclid'sgraceissufficientforthee.

Whatyoudon'thaveisexperienceindecidinghowtousewhatyou

know.Theonlywaytogainthenecessaryexperienceistotryto

solvetheproblemsandthentostudytheirsolutions.Anddonot

concernyourselfwithcomparingyourabilitieswiththoseofother

people. "Youarealonewithyourownbeingandtherealityof

things."

Proposition2.Problem

Given:∀pointA,∀lineBC,A∉BC

Required:LineonA=BC

Method

JoinAB(p.1)

OnAB,eqS∆DBA(1.1)

DA(pr)toE,DB(pr)toF(p.2)

⊙B,BC×DF@G(p.3)

⊙D,DG×DE@L(p.3)

AL=BCrequired

Proof

BC,BGradii⊙B∴ BC=BG(d.1.15)

Sym.⊙D,DL=DG(d.1.15)

DA=DB(d.1.23)∴ DL-DA=DG-DB(a.3)∴AL=BG

BG=BC∴ AL=BC(a.1)

P∉BCmeans"PisnotonBC".P∈BCwouldmean"Pissome

pointon BC". Postulate2saysthatlinescan beextended

indefinitely.Whenwedoso,we"produce"them.Inournotation,

"ProduceABtoC"is"AB(pr)toC". Togotheotherdirection,

"BA(pr)toC".

Fortheproblemsweneed:

d.1.24Anisoscelestriangle(isos∆)hastwoequalsides.
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Problems

2.Problem

Given:∀AB,CD:CD>AB

Required:isos∆onABw/sides=CD

3.Problem

Given:dataofproposition1.2

Required:PlaceAandalterthemethodof1.2suchthatbothcircles

havethesameradii.

Realproblemsarethoseforwhichnosolutionsaregiven.Itisnot

mathematicstodoathingandexpectsomeonetotellyouitis

rightorwrong.Who,praytell,wouldperformthisserviceforyou?

Inanymathematicalactivity,youareawareofknowingathingis

true,ofknowingyouareunsure,orofknowingthatyouare

certainlywrong. Themiddleonecomeswithaspectrum of

uncertainty.

Youmustmakeeachproblemyourownandtakeresponsibilityfor

it. Youmustworkfrom whatyoucertainlyknowandestablish

certaintywhereyouareindoubt.Noonecandothisforyouor

giveittoyou. Thisiswhatmathematicianscall"mathematical

maturity"andsomemathematiciansneveracquireit. Youcan

acquireitrightnow.Itis,inarealsense,amoralchoice.

Andbeactiveinyourthinking.InsteadofpassivelylettingEuclidbearyoualonglike

asleepyriverofgeometry,scoutaheadtoseewhereyou'regoing.WhereisEuclid

goinghere?WhybeginwithaneqS∆followedbyamovingline?Lookingahead,the

firstrealtoolEuclidgivesusisproposition1.4,establishingbyside-angle-sidethat

twotrianglesarecompletelyequalorequivalent.Hewantsto(logically)moveone

ontopoftheotherandcomparethem.Proposition1.3letsEuclidcomparelines.

Thenbecauseatriangleisrigid(thinkaboutit),Euclidknowshecansafelymovea

trianglebymovingoneofitssides.Andproposition1.2letsEuclidmoveanylineto

anypoint.Butproposition1.2needsaneqS∆.Soproposition1.1isthenecessary

startingplace.Partofcomprehendingmathematicsisgettinginsidetheheadofthe

authorofeachtextinordertounderstandwhatheorsheisofferingyou.Getinto

Euclid'shead.Notethatgoodauthorsalwaysofferyoutheirvaluableunderstanding.

Ifatextbookisonlyofferingthefacts,andmanydo,tradeuptoabetterone.
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Proposition3.Problem

Given:linesAB,C:AB>C

Required:AB-C

Method

CopyCtoAasAD(1.2)

⊙A,AD×AB@E(p.3)

EBrequired

Proof

AD,AEradii⊙A∴AE=AD(d.1.15)

AD=C(con)∴ AE=C∴EB=AB-C

a.3Thingstakenfromequalsleaveequals.

These"problem"propositionsshow whatcanbeconstructedin

Euclid'sgeometry.FortheGreeks,theGuidingPrinciplewastaken

seriously.Now,eachconstructionisapermissiontoperformsome

actioninourdiagrams.Soafter1.2wecanmeasurealinewith

ourcompassandcopyittosomepoint.After1.3,wecanuseour

compasstomakeonelineequaltoanother.Aswegoalong,Iwill

pointoutwhichconstructionsareactuallybetterthanestimations

for practicalwork with problems.Irecommend doing the

constructionsforthepropositiondiagramsthrough1.22.Afteryou

havemovedthreelinesaroundtobuildatriangleandseenwhata

messdiagramscan be,you willhave enough experience to

constructanythingyouthinkisnecessary.Andthereareproblems

forwhichaninaccuratediagram cannotimplythetruth.Butthey

arerare.Inabouteighthundredproblems,Ihaveencountered

twoorthreeofthese.Andtherearenoneinthistext,ifyourlogic

isgood.

LetmeemphasizeandclarifywhatIjustsaid.IfyouaregoingtodomoreEuclid

thanthefirsttwoofhisbooks,carefullyconstructallyourdiagramsthrough

proposition1.22.WhenyougettohisBookIII,constructallyourdiagramsfora

thirdorafourthofthatbook.Thefurtheryougoinpuregeometry,themoreyou

willneedtheabilitytoconstructanaccuratediagram.Anditwillalwaysbeobvious

whenanaccuratediagramisneeded.
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Proposition4.Theorem

Iftwotrianglesshareanytwo

sidesandtheirincludedangle,

thetrianglesareequivalent.

∀∆ABC,DEF:ifAB,AC=DE,DF

∠A=∠D,then∆ABC≡∆DEF

Proof

Let∆ABCbeappliedto∆DEF,withAonD,ABonDE.

AB=DE∴BonEandABonDEand∠BAC=∠EDF(hyp)

∴ AConDF

AC=DF∴ConF

BonE∴BConEF

Elsetwolinesencloseaspace↴ (a.10)

∴ BConEFandBC=EF(a.9)

∴∆ABCcoincideswith∆DEF(a.9)and∠ABC,ACB=∠DEF,DFE

∴∆ABC≡∆DEF

a.9Magnitudeswhichcanbemadetocoincideareequal.

a.10Twolinescannotencloseaspace.Theymusthave0,1,orall

pointsincommon.

Letusmakesomethingclear.Ind.1.20,anyvertexofatrianglecan

beontopanditsoppositesideisthebase.So∆DEFcanbeonany

ofitsthree"bases"andstillbeequivalentto∆ABC.Wecanrotate

∆DEFinanywayand∆DEF≡∆ABC.Butwhatifweflip∆DEFover

or"reflect"itsothatitslabelsread∆DFE?Westillhavethesame

labelledsidesandanglesequaltoeachotherandso∆DFE≡∆ABC.

Theserelationsaretrueinallsuchpropositions(1.8,26)andforall

Euclideanfigures.

Wecanshowseveralequalitiesinournotationbystackingthem.

ForexampleifAB=CDandEF=GH,wehaveAB,EF=CD,GH.The

(hyp)means"byhypothesis"meaningapartofourassumptions

whichwebeganwith.Andthislayingofonetriangleontopof
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anotheriscalledsuperposition. Ifitseemssketchyasaproof,

Eucliddidn'tlikeiteither.Anditisneveramethodofsolution.

The"↴"means"contradiction"andgoeswiththe"Else".Thisis

proofbycontradictionor"reductioadabsurdum". Basically,to

proveonethingtrue,youassumeitsoppositeandshow that

assumptionleadstocontradictionorimpossibility.Euclidusesthis

approachreasonablyoften.

Fortheproblems,inournotation,wemodifyintersect"×"for

bisectandbisector"×/2".IfABisatrightanglestoCD,wewrite

"AB⊥CD".Colons(":")canberead"suchthat".

Afewmoreaxioms:

a.2Thingsaddedtoequalsmakeequals.

a.6Thingstwicethesamethingareequaltoeachother.

a.7Thingshalfthesamethingareequaltoeachother.

Problems

4.Theorem

∀AB,CD:ifAB×/2CD:AB⊥CD,then∀P∈ABiseqDC,D

(AnylinesABandCD:ifABbisectsCDsuchthatABisperpendicular

toCD,thenanyPonABisequidistanttobothCandD)

5.Theorem

∀ 4-gonABCD:AB=AD,AC×/2∠BAD

Then1)CB=CD 2)AC×/2∠BCD

(AnyquadrilateralABCDsuchthatABequalsADandACbisects

angleBADthen1)CBequalsCDand2)ACbisectsangleBCD)

6.Theorem

∀eqS∆ABC,ifeqS∆ABF,BCD,CAEadded,thenAD=BE=CF

Makeyourdiagraminproblemsixlargeenoughsothatitisnotcrowded.Labelit

carefully.Andthendeterminewhichtrianglescanbeprovenequivalentby1.4.Don't

bedistractedbyanythingelse.Inadiagram,lookforthoseplaceswhereyoucan

applyyourtools.Lookforwhatisrelevantandtreattherestasnoise.
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Proposition5.Theorem

∀isos∆ABC:AB=ACAB(pr)toD,AC(pr)

toE,then∠B=∠Candext∠B=ext∠C

(or∠CBD=∠BCE)

Proof

∀F∈BD,CopyAFtoAG∈AE(1.3)

JoinFC,GB

∆AFC,AGB:AF=AG(con),

AB=AC(hyp),∠FAG=∠FAG(a.1)

∴∆AFC≡∆AGB(1.4)

∴FC=GB,∠ACF=∠ABG,∠AFC=∠AGB

AF=AG,AB=AC∴AF-AB=AG-AC(a.3)∴BF=CG

∆BFC,CGB:BF=CG,FC=GB,∠BFC=∠CGB(proven)

∴∆BFC≡∆CGB(1.4)

∴∠BCF=∠CBG,∠FBC=∠GCB(ext∠B=ext∠C)

∴∠ABG-∠CBG=∠ACF-∠BCF(a.3)

∴ ∠ABC=∠ACB(or∠B=∠C)

Corollary1

∀eqS∆isaneq∠∆

Forclarity,theexternalangleof∠ABC(ext∠ABC)hereis∠CBF

andviceversa.Theangleanditsexternalanglesitonthesame

linesotheirsum is2∟.Imarkedaline"(proven)"inorderto

pointoutthat,forinstance,whenweprove∠AFC=∠AGB,we've

proven∠BFC=∠CGB. Youseethisnaturallywhenyouwritea

proof.Butwhenyoureadone,it'sconfusingunlessyoulookback

toseehow acurrentequalityrefersbacktoaprior,perhaps

different,one.

A"corollary"isatheoremthatimmediately,orwithtrivialadditions,

followslogicallyfrom thepropositionitself. Corollaries,likethe

above,aredenotedas1.5.C1inournotation.
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Proposition1.5isknownastheBridgeofAsses(ponsasinorum).

Letmeexplain.EuclidtaughtandwroteinAlexandria.Astime

wenton,theChristiansandthentheMuslimsburnedthelibraries

there.Inbothcases,thosecultureshadreachedthatpointwhere

ifabookwasn'tscripture,thepeopleinpowerdestroyedit.The

Muslimscommandeeredabathhousenearthemainlibrariesand

keptitroaringfordays,burningthebooks. Burningbooks,in

whateverculture,goeswith killingintellectuals. The Muslim

scholars,thepremiereintellectualsoftheirage,fledtoEuropewith

theirbelovedbooks.

Letmedigressamoment.Peoplespeakofthe"Classics"asifthey

werethearbitrarychoicesofagedwhiteintellectuals. Nothing

couldbefurtherfrom thetruth.Whenonebecomeshomeless,

onekeepswhatismostvalued.Icanvouchforthis.Soeverytime

barbariansroaracrosstheborderorconsumetheirownculture,

someoftheworld'slibrariesarereducedandrefinedtowhatone

carriesonone'sback.ThuswasEuclid(andeveryothergreatwork)

preservedasa"Classic."Enddigression.

SoEuclid'sElementscomestoEuropeandisassimilatedintothe

RomanChurch'suniversities.Atthattime,studentswererequired

tolearnEuclidallthewaythroughBook1,Proposition6.Poor

babies,howeverdidtheymakeit?Proposition5isthehardestof

thehalf-dozenandmany"scholars"failedtocrossthebridge.In

1899,westillhaveLoneywriting,"Thispropositionisoftenfound

hardforbeginners."Oh,please.

Thewholeproofcomesdowntothis.Ituses1.4twicetoequate

bigangles∠ABG,ACFandthensmallangles∠BCG,CBF.Indoing

so,itpicksupthesecondtargetoftheproof,theequalityofthe

ext∠B,C.Thenitsubtractssmallfrombigtohitthefirsttarget,the

equalityoftheinternalbaseangles∠B,C.

Anotheraxiom:a.8Thewholeisgreaterthanitspart.
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Proposition6.Theorem

∀∆ABC,if∀2angles(∠B,∠C)areequal,

thentheiroppositesides(AC,AB)are

equal.

Proof

Elsein∆ABC,let∠B=∠CandAB≠AC.

Thenonesideisgreater.LetAB>AC.

OnAC,makeDB=AC(1.3)JoinCD(p.1)

∆ABC,DBC:DB=AC(con)BC=BC(a.1)

∠DBC=∠ACB(hyp)

∴∆ABC≡∆DBC(1.4)

Thelessequaltothegreater↴ (a.8)

∴AB=AC

Line5isatwistonusing1.4toshowtrianglesareequivalent.You

wouldnormallystateherethat∠DBC=∠ABC.Butbackinthedata

ofthehypothesis,wehave∠ABC=∠ACB.Euclidsubstitutesone

fortheotherto makehispoint. Thisisanotherproofby

contradictionandlettingthelesserequalthegreaterishismost

commonployinthistypeofproof.Proposition1.6istheconverse

of1.5. Therewehave:Ifsidesareequalthenbaseanglesare

equal.Herewehave:Ifbaseanglesareequal,thensidesareequal.

Conversesareusuallyfalse.Consider:IfyouliveinUganda,then

youliveonEarth.

Problems

7.Theorem

∀isos∆ABC,if×/2∠B××/2∠C@D

(ifbisectorofangleBintersectsbisectorofangleCatD)

Then∆DBC≡isos∆

Ishould also pointoutthatEuclid sometimestalksabouta

triangle'sthreesidesandsometimesdistinguishesbetweentwo

sidesandabase.Ihavetriedtomakethisclearerthaninolder

Euclids. Butyou stillhavetodeterminethisforyourselves.
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Missingthisdistinctioncancauseconfusion.

Proposition7.Theorem

∀∆CAB,DABsharingsamesideofbaseAB.

IfCA,CB=DA,DBthen∆CAB≡∆DAB.

Proof

Else∆CAB!≡∆DAB

Case1:Doutside∆ACB.

AC=AD(hyp)∴∠ACD=∠ADC(1.5)

∠ACD>∠BCD(a.8)∴∠ADC>∠BCD

∴∠BDC>∠ADC>∠BCD

BC=BD(hyp)∴ ∠BDC=∠BCD(1.5)↴

∴∆CAB≡∆DAB

Case2:Din∆ACB.

AC(pr)toE,AD(pr)toF

AC=AD∴∆ACD:∠ECD=∠FDC(1.5)

∠ECD>∠BCD(a.8)∴∠FDC>∠BCD

∴∠BDC>∠FDC>∠BCD

BC=BD(hyp)∴∠BDC=∠BCD(1.5)↴

∴∆CAB≡∆DAB

Case3:Don∆ACB

Contradictoryoninspection.

∴∆CAB≡∆DAB

Intheseproofs,contradictionsarenotreferencedtoaxiomsor

propositionsbecauseineachcaseweshowtwothingsunequaland

thenequal,whichiscontradictory.The"!"means"not"in"!≡".

Thisproposition1.7isreallyonlyalemmafor1.8.Alemmais

smallerproofusedwithinotherlargerones.Mathematicianshave

shown1.7couldhavebeeneasilyprovenwithin1.8byusinga

differentapproachtothatproof.ButIthinkthatEuclidconsidered

thispropositionimportant,ashedid1.4.Theearlieronestates

thatiftwotrianglesareequivalent,onewouldpreciselycoverthe

otheronitsbase.Thisstatesthatnoothertrianglecanbepresent
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onthatbase.Greekmathematicsdealtwithphysicalbodiesand

thesepropositionsnaildownwhatbodiescanexistonthesame

base.

Proposition8.Theorem

∀∆ABC,DEF:ifAB=DE,AC=DF,

BC=EF,then∠A=∠D

Proof

Let∆ABCbeappliedto∆DEF:BonE,AConDF,∴BC=EF(hyp)

∴ConF

∴AB,BC,CAonDE,EF,FD.

ElsetheydifferasinEG,GF.

∴∆DEF,GEF:DE,DF=GE,GFsharesamebase.↴ (1.7)

∴Allsidescoincideand∠A=∠D.

Corollary

∆ABCcoincideswith∆DEF,∆ABC≡∆DEF

Itisweird thatEuclid'stheorem hereisn'taboutequivalent

triangles.Onecouldtakeeachsideinturnandtheproofisthe

same. Thismeansthatheretheangles,notthetriangles,were

importanttoEuclid.Ourmathematicviewsittheotherwayround

andwesimplyquote1.8asaproofthatiftwotriangleshaveequal

sides,thentheyareequivalent.Noonementionsthecorollaryby

name.

Thenextfourproblemsshowhow1.8canbeused.Inthefirsttwo,youcanprove

thefirstbitwith1.8anduse"Sym."tocovertherest.Inthefourth,1.8willonlyget

youpartwayandyouwillneedanearliertooltocompletetheproof.

Problems

8.Theorem

Oppositeanglesofarhombusareequal

9.Theorem

Diagonalsofarhombusbisectoppositeangles
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10.Theorem

∆ABC,DBConsamesideBC:ifAB=DC,AC=DB,AC×BD@E

Then∆EBC≡isos∆

11.Theorem

∀isos∆ABC,DBConsamesideBC,thenAD(pr)×/2BC

Proposition9.Problem

Given:∀∠BAC

Required:Bisect∠BAC

(divideintotwoequalangles)

Method

∀D∈AB,AE∈ACAE=AD(1.3)

JoinDE.OnDE,oppositesideofA,eqS∆DEF(1.1)

JoinAF.AFrequired

Proof

∆DAF,EAF:AD=AE(con)AF=AFandDF=EF(d.1.23)

∴∠DAF=∠EAF(1.8)

AskyourselfwhyFneedstobeopp.sideofDEfromA.Whatcouldhappenifitwas

onthesameside?Notethatwhenyou×/2an∠ inadiagram,youdon'tneedthe

wholeeqS∆.YouonlyneedthetwocirculararcsthatdetermineF.

Oneoftheproblemsbelowisatheoremforanytriangle(∀∆).So

let'stakeamomentforalessonindrawing"any"diagrams.In

general,youwantyourdiagramsthreeorfournotebooklinestall,

dependingonhowmuchyouhavetowriteinsidethem.

∀∆:MakeasteepAB.Usinganinchorcm markonyourruler,

holdyourruleratarightangleonAandthendeclineitslightlyfor

AC.Ifyoudeclineitmuch,yougetanisos∆,whichwillmisleadyou.

JoinBC.

∀isos∆:MarkapexA.Withacompass,marktheendsofthebase

onalinefarenoughbelowtoavoidaneqS∆.Jointhedots.

∀eqS∆:MakeabaseBClongenoughtoproduceathreeorfour

linetalltriangle.SetcompassonceandswipeapexAfrom both

sides.Connectthedots.
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∀4-gon:Onanotebookline,marksidesofatwo-linetall∀∆

aboveandathree-lineonebelow.Oraone-lineaboveandtwo

below.Makeallsidesunequal.Lookingforward,puttheshort

sidestowardsthebulkofthepageandmakethe4-gonsoopposite

sidesintersectaboveandtoonesidewithinathirdofapage.In

post-Euclid"ModernGeometry",thisisbotha"quadrilateral"anda

"quadrangle".

Problem13isatwo-stepproof.Youneedtoshowthattwothingsareequalssothat

whenyousubtractthemfromequals,youhavethetargetedequalsintheproblem.

Becauseproblem 14usesthesamediagram as13,youcanreferenceresultsfrom

theearlierproofinthelateronewith(#13).Alwaysdothiswhenyoucan.

Problems

12.Theorem

∀∠ACBifBC(pr)toD,CE×/2∠ACB,CF×/2∠ACDthen∠ECF=∟

(CEbisects∠ACBandCFbisects∠ACD)

13.Theorem

Ondiagramfor1.5:ifAD=AE,AB=AC,CF×/2∠BCE,BG×/2∠CBD,

BG×CF@HthenFH=GH

14.Theorem

Ondiagramfor1.5:ifAB=AC,CF×/2∠BCE,BG×/2∠CFD,

BG×CF@HthenAH×/2∠A

15.Theorem

∀∆ABC:if∠A=2∠B,AD×/2∠A×BC@DthenAD=BD

(ADbisects∠AandintersectsBCatD)

Whensolvingproblems,learntothinkintermsof"or".Let'ssayI

havetoshowAB⊥CD.Gatheringallthedatafrom thediagram I

thenuseallmytoolstocreate"or"equivalentsforthesoln:

AB⊥CDor∠ABC=∟ or,joiningABandCDwithaline,theother

twoanglesofthe∆adduptoa∟ orABisparalleltoanexisting

lineEF⊥CD.Youmaynothaveallthesetoolsyetbutyougetthe

idea.
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Proposition10.Problem

Given:∀lineAB

Required:bisectAB

(divideABintotwoequalparts)

Method

OnAB,eqS∆CAB(1.1)

CD×/2∠C×AB@D(1.9)

Drequired

Proof

∆ACD,BCD:AC=CB(d.1.23)CD=CD(a.1)∠ACD=∠BCD(con,1.9)

∴ AD=DB(1.4)

Thelastlineoftheproofshowsusthatyoucanskipsayingthetrianglesare

equivalentandlettheirequality,demonstratedinthepreviousline,besimply

understood.Youcanshortenaproofinanywaythatdoesnotimpairitsclarity.

Isupposeweshouldtalkaboutangles:

d.1.8Aplaneangleistheinclinationoftwolinestooneanother

whichmeetontheplane.

d.1.9Aplanerectilinearangleistheplaneangleoftwostraight

lineswhichmeetattheirvertex.

d.1.10Whenalinemeetsanothersothatthetwoanglescreatedby

theformerononesideofthelatterareequal,theseareright

angles(∟)andthelinesareperpendicular.

d.1.11Anobtuseangleisgreaterthanarightangle.

d.1.12Anacuteangleislessthanarightangle.

Butyouknewallthat.Noonesays"plane"or"planerectilinear"

becausealloftheminBooksI-VIareplaneandrectilinear.What

Eucliddoesnotsayishow wemeasureanangleandallhis

propositionsdodgethatquestion. InBookIII,wediscoverthat

anglesarebasedonsectorsofcircles.Longstoryshort,makean

angle,usevertexforcenterandtheangleisthesameforevery

circleonthatcenter.Butwewouldhavetomeasurethatangleas

afractionofπ,whichcannotberepresentedbyanyratioof

magnitudes(fraction). That'swhyEucliddodgesthequestion.
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Anotherlongstoryshort:ifyoubisectaplaneangle,itbisectsthe

chordonthecircle'sarc(ABin1.10∈⊙C,CA)andbisectstheangle

itself.Butyoucantrisectanylineand,usually,youwillnottrisect

theangle'sarc.So1.9and1.10areactuallymisleadinginthisway

whenitcomestoangles.Iwillunmisleadyoufornowandalltime:

Foranyn,integerorrationalfraction,youcann-sectaline.This

doesnot,generally,n-sectthearcofacirclewhenthechordon

thatisthebaseofatriangle,thesidesofwhichmaketheangleof

arc.

Proposition11.Problem

Given:∀lineAB,C∈AB

Required:lineonC

perpendicularto(⊥)AB

Method

∀D∈AC,makeCE=CD(1.3)

OnDE,eqS∆FDE(1.1)JoinCF

CFrequired

Proof

∆DCF,ECF:DC=CE(con)

CF=CF(a.1)DF=EF(d.1.23)

∴∠DCF=∠ECF=∟ (1.8,d.1.10)

∴FC⊥ABandFConC

Problems

16.Problem

Given:AB,S,T∉AB

Required:1)P∈AB:PS=PT2)conditionsof↴

(↴ canmean"contradiction"or"impossibility"sothequestionis

"WhatchoicesofS,Tmakethesolutionimpossible?")

17.Problem

Given:ABbetween(⋅|⋅)pointsP,Q

Required:Q∈AB:AB×/2∠PQR
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Inthediagram of1.11,weencounteracommonelementofa

triangle.FCisthemedianof∠ForFC≡med∠F.∀∆ABC,the

medianfrom∠ArunsfromthevertexAtothemidpoint(mdpt)of

BC.Andmed∠B×/2ACandmed∠C×/2AB. Anothercommon

elementisthealtitudeonanangle.∀∆ABC,AD≡alt∠A⊥ BCor

"thelineAD isthealtitudeon∠A and,atD onBC,AD is

perpendiculartoBC."Allthreeanglescanhavealtitudes.Itcanbe

shownthatthethreemediansconcurormutuallyintersectata

point.Altitudesalsoconcur.OldEuclidsneverusethesetermsout

ofsomekindofweirdrespectforancientways.Orsomething.I

haveseenaltitudesdescribedmultiplewaysinthesametextand

somedescriptionswereambiguous.We'lljustcallthembyname.

Proposition12.Problem

Given:lineAB,C∉AB

Required:lineonC⊥ AB

Method

∀D∉ABonsideofABoppositeC,

⊙C,CD×AB(pr)@F,G(p.3)

CH×/2FG@H(1.10)

CHrequired

Proof

∆FHC,GHC:FH=HG(con)HC=HC(a.1)CF=CG(d.1.15)

∴∠CHF=∠CHG(1.8)∴CH⊥AB

Inline2ofMethod,itsaysAB(pr)or"ABproduced"becauseyourD

mightmoveyourFandGoffoftheexistingAB.Ifitdoes,just

lengthenit.

WhatwearedoingwithEuclidiscalledsyntheticgeometry.This

meanswestartfrompremisesandbuildaladderoflogicuptothe

conclusion. Thisisthenatural,moreorlessnaive,wayto

approachtheproblemsyou'vebeensolving. Thereisanother,

oftenbetter,approach. MostEuclidsandmostgeometrytexts

don'tmentionthissecondwayuntiltheend,asifitweresome
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kindofsweetdessert.Let'seatdessertfirstandtalkaboutanalysis.

Analysisistheapproachofstartingwiththeresultandworking

backwards.Let'sgobacktoProblem 16andsolveitanalytically.

YouhavelineABandpointsS,T.AndyouwantPonABsuchthat

PS=PT.Insynthesis,youbeginbystaringdumblyatthepaper.In

analysis,youstartbydrawinginPSandPT.Usearuleroracouple

ofstraightthingsandfudgePSandPTsotheylookequal.Soyour

PhastobeaboutthereandsodoPSandPT.Nowstareatthe

paperbutskipthedumbly.Askyourself,what,ofthethingsIknow,

doesthisdiagram suggest?Ifnothingcomestoyou,rotatethe

paperandkeepthinking.Prettysoon,PSandPTwillstrikeyouas

equalsides...onbaseST...whichisbisectedbyitsmedian...

whichisperpendiculartoST. Andthereyougo. Now turnit

around:joinST,bisectST,runa⊥ from thebisectiontoAB,and

thatdefinesP. Analysisisalwaysbetterthan synthesisfor

constructionproblems.Sometimesitworksfortheoremproblems

butnotsooften.Andthensometimesyoufindthatyoucango

backwardswiththeanalysisbutthatitdoesn'tworkinreversefora

solution.Thisisrareandyou'lljusthavetotryadifferentanalysis

basedonwhatyoulearnfromthefirstone.

Theproblemsyouaresolvingwereconstructedbyteachersof

geometry. Let'sthinkaboutwhatthatmeans. Itmeansthe

problemsaresolvablewithonlywhatyouknowaboutEuclid,which

isn'tmuch.Theywereofteninspiredbythepropositiondiagrams

andthequestion,"Whatelseistruehere?"Soitpaystolookat

thosediagramsandseeifyourproblem isn'tobviouslyderived

from them. Lookatthem from allsides. Sometimesthe

connectionisobvious.

Problemsmakeallofusfeelstupid,unlesstheansweriswithin

easy reach ofwhatwe understand. Graduate students in

mathematicsfeelstupidfacingtheirwork.Andatthefrontofthe

line,professorsfeelstupidwhentheyfacetheleadingedgeoftheir



30

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

research.Thedifferencebetweenyouandthoseaheadofyouis

thattheyarecomfortableinthatstupiddarkness.Getcomfortable.

And ifyou areso talented thattheproblemsareeasy,get

uncomfortable.Ifyougetanykindofdegreeinmathematicsyou

willobservethephenomenonofnaturaltalentreachingitslimit.

Forsomeithappensbeforeabachelor'sdegree;forsome,ingrad

school;forsome,afteradoctorate. Wheneverithappens,the

problem isthatthevictim hasneverlearnedhowtolearn.The

victimhascoastedontalent.Ifyouaretalented,pushharderuntil

yourunupagainstthatwall.Andthenlearnhowtolearn.

Proposition13.Theorem

∀AB,CD:ifAB×CDthenthe

anglesformedononesideof

onelinebytheotherare

either2∟ orsumto2∟

Proof

LetAB×CD@B

Case1:If∠ABC=∠ABDthenboth=∟ (d.1.10)

Case2:Let∠ABC<∠ABD.AddBE⊥DC.

∠DBE+∠EBC=2∟ (con,d.1.10)and∠EBC=∠EBA+∠ABC

∴∠DBE+∠EBA+∠ABC=2∟ (a.2)

∠DBE+∠EBA=∠DBA∴∠DBA+∠ABC=2∟

Twoanglesaddinguptoonerightanglearecomplementary and

theyarecomplementsofeachother.Twoanglesaddinguptotwo

rightanglesaresupplementaryandeachisthesupplementofthe

other. In triangles,an angle and its externalangle are

supplementary.

Youmayhavenoticedthatproblems15,16,and17wereallsolved

using isoscelestriangles. Propositions1.5 and 1.6 are very

powerfultools.Letmejustmentionsomeofthewaystheyare

used. Ifyouneedalineequaltoanotherline,thentwoequal

anglesonabasetouchingtheonelineforcestheotherlineinto
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existence.Maybeyouwillhavetoaddthebasetothediagramto

dothis.Symetrically,youcanforceanequalangleona"base"by

usingtwoequallinesassides.Let'spretendweknow1.32andthat

thethreeanglesinanytriangleadduptotworightangles.Sayyou

needtoforce∠Xintoaproblem.Buildanisoscelesonitssideand

makethebaseanglesequalto½X.Thentheapexangleis2∟-∠X.

Buttheapex'ssupplementis2∟-(2∟-∠X)=2∟-2∟+∠X=∠X.

Drawadiagram toseethisifyouneedto.Isoscelestrianglesare

yourmostpowerfultoolsofar.

Proposition14.Theorem

∀BA,BC,BD.IfBC,BD×AB:

∠ABC+∠ABD=2∟

thenCBDisoneline.

Proof

ElseletBE,notBD,beonelinew/BC.

∴ ∠ABC+∠ABE=2∟ (1.13)

∠ABC+∠ABD=2∟ (hyp)

∴∠ABC+∠ABE=∠ABC+∠ABD(a.1,a.11)

∴∠ABE=∠ABD(a.3)lesserequalgreater↴

Sym.NosuchBEinsamelinew/BC∴ CBDoneline

Mathematicianshaveclaimedthata.11(∀∟ areequal)shouldbea

theorem andnotanaxiom.Ithinknot.Justasweknowwhata

straightlineoraflatsurfaceiswithoutneedingaproof,weknow

whatarightangleis. Hereisthecontextofaxioms:"Letusgrant

thatweknowthesefewthings.Weknowtheyareidealthings.

Andsoweknowthat,first,weknoweverythingaboutthem and,

second,thatweshallneverencountertheminperfectforminthis

world."AndthecontextoftherestofEuclidis:"Soletusseewhere

thesefewideasleadus."

Wehavesaidthat"="meansequalinmagnitude.Andyouknow

whatmagnitudemeanswithoutdefinition.Eucliddoesnoteven

defineit.Buthisideaofitisdifferentfrom ours.Forhim,lines
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simplyhavelength,planefiguressimplyhavearea.Butouranswer

to"Howbig?"isanumberthatreliesonagreeingupona"number

one"--likeaninch.Euclidhasno"numberone."Soforhim,this

lineisthislongandthatlineisthatlongandtheyareeitherequal

ornot.Laterhewillnotethatonelinefitstwiceintoanotherata

ratioof,say,1:2andnumberslipsinthebackdoor.

Whenaproblem says∀∆or∀ABor∀Pitisperfectlylegitimate

tochoosethoseelementstomakethesolutionaseasyaspossible.

Whatyoucannotdoisintroducerelations,i.e.,∀∆isnotanisos∆.

Proposition15.Theorem

∀AB,CD:ifAB×CD@E

Then∠AEC=∠BED,∠BEC=∠AED

Proof

AE×CD∴∠AEC+∠AED=2∟ (1.14)

DE×AB∴∠AED+∠BED=2∟ (1.14)

∴∠AEC+∠AED=∠AED+∠BED(a.1,a.11)

∴∠AEC=∠BED(a.3)Sym.∠BEC=∠AED

Corollary1.

∀AB×CD@E,then∠AEC+∠BED+∠BEC+∠AED=4∟

Corollary2.

∀[AB,CD,EF,...]x@P,sumofanglesaroundP=4∟

Problems

18.Theorem

∀E[ABCD]:ifoppositeanglesareequal

ThenAED,BECaresinglelines.

Rememberthatpropositionstelluswhatistrue aboutour

diagrams.Sodonotover-focusonprominentpropositions.Seeall

thetruthinadiagram:whatisequaltowhat,whatisrelatedto

what.Ifyoudon'tgetanythingelsefrom Euclid,getthis:seeall

thetruth.Andnotjustingeometry.Ifthenewsboastsaboutfull

employment,seeallthetruth.In2018,fullemploymentmeansten

millionfewerjobsthanin1950.Andtherearearound300million
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people now compared to around 200 million then. So full

employmentisverybadnewsbecauseifyouplotthecurve,soon

almostnoonewillbeemployed.Andnotethatseeingallthetruth

isapolitical.Justdothemath.

When proving theorems,do notgetcaughtup in accurate

constructions.Theproofsarelogicalsequences,theimplicationsof

whichbuildaladdertothatwhichyouareproving.Youneedonly

enoughofadiagram tosuggestthesesequences.Butyouneeda

sufficientlyaccuratediagram foryourpurposes.Makealldiagramssufficiently

accurate.

Proposition16.Theorem

∀∆ABC,ext∠C>∠Aor∠B.

Sym.forext∠A,B

Proof

∀∆ABC,BC(pr)toD,

AC×/2@E JoinBE

BE(pr)toF:EF=EB JoinFC

∆AEB,CEF:AE=ECandEB=EF(con)

∠BEA=∠CEF(1.15)

∴ ∠BAE=∠ECF(1.4)

∠ECD>∠ECF(a.8)∴∠ACD>∠A

Sym.BisectBC,produceACthenext∠C>∠B

Proposition17.Theorem

∀∆ABC,∀ twoanglestogether<2∟

Proof

BC(pr)toD∴ext∠C>∠B(1.16)

∴ int∠C+ext∠C=2∟ >∠B+int∠C

Sym.forothertwopairs.

Problems

19.Problem

Given:∀acute∆ABC,produceBCtoD:BC=CD

Required:P∈BD:APdemonstrates∠ABC+∠ACB<2∟
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EveryonewhotrulyworksatEuclidgetswhattheyneedfromEuclid.

Noteveryoneisamathematician.Ifyourentireaccomplishmentis

theabilitytounderstandthepropositionsandthesolutionstothe

problemsandtheuseofthenotation,thenthatisallyouneeded.

Youwereabletoworkthroughatextthatdemandedconcentrated

attentionandtheapplicationofreason. Andthatisnoslight

accomplishment.Itisanintellectualachievement.Andevenifyou

achieve more,the ideas thatare notconsistentwith your

individualitywillfallaway.Youwillonlykeepwhatyouneed.

Proposition18.Theorem

∀∆,ifonesideisgreaterthana

secondside,theangleoppositethe

firstisgreaterthantheangleopposite

thesecond.

Proof

LetAC>AB,thenletAD=ABD∈AC.JoinBD.

∠ADB≡ext∠BDC,∠ADB>∠DCB(1.16)

AB=AD(con)∴ ∠ADB=∠ABD(1.5)

∴ ∠ABD>∠ACBandevenmoreis∠ABC>∠ACB

Astheproblemsbecomemoresubstantial,itbecomesmore

importanttomuseuponthesolutions.Ifyousimplysolveorstudy

thesolutionandmoveontothenextthing,youwillfindyourself

slippingbehind.Solutionsareamatterofthought.Youneedto

consolidateyourthinkingaboutwhatthecircumstancesofthe

problem wereandwhatenabledthesolution. Thesethoughts

constituteyourpermanantgaininthestudyofEuclid.Youarenot

makingthiseffortforsomeoneelse.Youarestrengtheningyour

ownabilitytothinkwithconsistencyandwithrigour.Donotcheat

yourselfinthiseffort.

Anddon'tworryabouthow manyproblemsyoucansolve. Be

gratefulforanyyoudosolveandstudythesolutionsoftheones

youcan'tsolve.Someofthem youalmostcertainlycannotsolve.
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Someare"clever"testquestionsfrom theCambridgeTriposand

youareprobablynotFirstWranglermaterial. Sowhat?Truly

engagewiththeproblemsandsolvewhatyoucan.

Problems

20.Theorem

∀4-gonABCD:IfAD>(ABorCD)>BC

Then∠B>∠Dand∠C>∠A

Proposition19.Theorem

∀∆,ifoneanglebegreaterthana

secondangle,thesideoppositethe

firstisgreaterthanthesideopposite

thesecond.

Proof

If∠B>∠C,thenAC>AB(hyp)ElseAC≤ AB

∠B≠∠C(hyp)∴ AC≠AB(1.5)

∠B>∠C,AC!<∠B(1.18)

∴ AC>AB.

Thelessonofthisproofisthatyoucanproveonerelationinasetofrelations(<,=,>)

isnecessaryinsomecontextbyprovingthattheotherrelationsinthesetcannotbe

true.Theproofmustcoverallrelationsintheset.

Thissymbol"∑"means"sumof".In∆ABC,"∑sides"means"AB+

BC+CA".Yougettheidea.

Problems

21.Theorem

∀∆ABC,ifAD×/2∠A×BC@DthenBA>BDandCA>CD

22.Theorem

∀AB,∀C∉AB:

1)⊥ shortestlinefromCtoAB

2)Ofothers,nearerto⊥ shorterthanfurtherfrom⊥

3)Given∀linefromCtoAB,atmost,onlyoneotherisitsequal

23.Theorem

∀squareABCD:ifAF×CD,BC(pr)@E,FthenAF>AC
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24.Theorem

∀∆ABC,∀PJoinP[ABC]

ThenPA+PC+PC>½perimeter∆ABC(AB+BC+CA)

ProveforPin,on,andoutside∆.

25.Theorem

∀4-gon,∑sides>∑diagonals

(∑sides≡AB+BC+CD+DA)

26.Theorem

∀∆ABC,∑A[BC]>2ADmed∠A

(3cases:∠ADB=∟,∠ADB=∠ABD,∠ADB<∠ABD)

Proposition20.Theorem

∀∆ABC,∑∀2sides>3dside

Proof

BA(pr)toD:AD=AC.JoinDC.

AD=AC∴ ∠ADC=∠ACD(1.5)

∠BCD>∠ACD(a.8)

∴ ∠BCD>∠BDC

∆BDC:∠BCD>∠BDC∴ BD>BC(1.19)

ButBD=BA+AC∴ BA+AC>BC

Sym.forothertwopairsofsides.

Proposition21.Theorem

∀∆ABC,for∀Din∆,DB<AB,DC<AC,and∠D>∠A

Proof

BD(pr)×AC@E

∆ABE:BA+AE>BE(1.20)

∴ BA+AE+EC=BA+AC>BE+EC

∆DEC:DE+EC>DC(1.20)

∴ DB+DE+EC>DC+DB

BA+AC>BE+EC∴BA+AC>BE+EC>BD+DC

∆CDE:ext∠BDC>∠CEB(1.16)

∆ABE:ext∠CEB>∠BAE

∴∠BDC=∠D>∠CEB>∠BAE=∠A
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Inthepast,studentswererequiredtomemorizeEuclid.Theywere

testedontheirabilitytoreproducehispropositionsexactlyand

thentosolve"clever"problems,called"riders,"concerningthose

propositions. Idon'tsee the pointin memorizing Euclid's

reasoning.Itismoreimportanttograsphisstrategyforeachproof.

Ifyouareconsciousofthesestrategies,thenhistoolsareyour

tools.WhatyougainfromEuclid,intheend,arethosethingsthat

remainavailabletoyouinyourmind.Fillyourmindwithtools.

Proposition22.Problem

Given:3linesA,B,C,anytwo

greaterthanthethird.

Required:∆withsidesequalA,B,C

Method

∀DE>A+B+C:DF=A,FG=B,and

GH=C(1.3)

⊙F,FD×⊙G,GH@K(p.3)

JoinK[FG]

∆KFGrequired

Proof

FD,FKradii⊙F∴FK=FD=A(d.1.15,a.1)

GH,GKradii⊙G∴GK=GH=C(d.1.15,a.1)

FG=B(con)

Proposition23.Problem

Given:AB,∠ECD

Required:Copy∠ECDtoA

Method

JoinDE.F∈AB:AF=CD

∆AFG:AF,FG,GA=CD,DE,EC(1.22)

∠GAFrequired

Proof

∆DCE,GAF:FA=DC,AG=CE,FG=DE(con)

∴∠GAF=∠ECD(1.8)
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Problems

27.Theorem

∀∆ABC,if∠A=∠B+∠C

Then∆ABCcanbedividedintotwoisos∆

28.Theorem

∀∆ABC,if∠A=∠B+∠CthenBC=2AD(med∠A)

Proposition24.Theorem

∀∆ABC,DEF,if∀2sidesequal

(AB,AC=DE,DF)and∠A>∠D

ThenBC>EF

Proof

LetAB,DE<AC,DF

Copy∠BACto∠EDG(1.23)∴DG

=AC(1.3)

JoinG[EF]EG×DF@K

DG≤DFandDF=DG∴DGE≤DEG(1.5,1.18)

∠DKG>∠DEG∴ DG,DF>DK

∆ABC,DEG:AB=DE(hyp)AC=DGand∠BAC=∠EDG(con)

∴BC=EG(1.4)andDG=DF∴∠DGF=∠DFG

∠DGF>∠EGF(a.8)∴∠DFG>∠EGF

∴ ∠EFG>∠DFG>∠EGF(a.8)

∆EFG:∠EFG>∠EGF∴ EG>EF(1.19)

EG=BC∴BC>EF

Problem

29.Problem

Given:BaseAB,base∠B,sumofsidesCD

Required:Impliedtriangle.

Myoriginalthoughtfortheseannotationswastooffermorehelponindividual

problems.ButIrealizedthatwithoutthestruggleforsolutions,nothingisgained

from Euclid.Sothesenotespointyoutowardamethodofapproachingpure

geometry.Forproblems,the existingdiagrams,hints,and solutions,already

providedmorehelpthananyearlierversionofEuclid.Acceptthestrugglewhileyou

areinthemidstofit.Andwhenyouaredonefortheday,letitgo.Frettingabout

Euclidwillbuyyounothing.
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Proposition25.Theorem

∀∆ABC,DEF,∀2sidesequal(AB,AC=DE,DF)andBC>EF

Then∠A>∠D

Proof

Else∠A≤ ∠D

BCnotequalEF(hyp)∴ ∠A≠∠D

(1.4)

BCnotlessthanEF(hyp)∴ ∠A!<∠D (1.24)

∴∠A>∠D

ThenextpropositionismoreinthestyleofEuclid,withless

symboliccondensation.Thinkofitasaninoculation.

Proposition26.Theorem

∀∆ABC,DEF:Iftwoanglesand

onesideareequal,eachtoeach,

then∆ABC≡∆DEF

Proof

Case1:equalsidesbetweenequalangles

Let∠B,C=∠E,FandBC=EF,then∆ABC≡∆DEF

ElseletAB>DE.AddG:BG=DE(1.3)JoinCG.

∆GBC,DEF:GB=DE(con)BC=EFand∠B=∠E(hyp)

∴∆GBC≡∆DEF(1.4)and∠GCB=∠DFE.But∠DFE=∠ACB(hyp)

∴∠GCB=∠ACBthelesserequalsthegreater↴ ∴ AB=DE

∴∆ABC,DEF:AB=DE(proved)BC=EFand∠B=∠E

∴∆ABC≡∆DEF(1.4)

[EndCase1.Continuednextpage.]

Theordinaryresponsestounusualmentaldemandsarefear,paralysis,andhaste.It

istrulyuncomfortabletolookintotheblacknessofeachunsolvedproblem.Butyou

arenotatthemercyoftheseimpulses.Feardriveshasteandparalysis.Stopbeing

afraid.Acceptthatyouwillfailtosolveproblemsuntilyoubuilduptheabilityto

solvethem.Nomatterhowgoodatthisyoubecome,youwillalwayssolvesome

andfailtosolvetherest.Getusedtoit.EverysessionwithEuclidislikeatriptothe

gym.Donotbeafraidoftheweightmachines.Donotrushyoureffort.Itis

impossibleforyourmindnottobecomestrongerandstronger.Befearless,calm,

andpatient.Youwillarrive.
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Case2:equalsidesnotbetweenequalangles

Let∠B,C=∠E,FandAB=DEThen∆ABC≡∆DEF

ElseletBC>EF.AddBH:BH=EF.JoinAH.

∆ABH,DEF:AB=DE,∠B=∠E(hyp)

BH=EF(con)∴∆ABH≡∆DEF(1.4)

∴∠BHA=∠EFD(1.4)

But∠EFD=∠BCA(hyp)

∴∠BHA=∠BCA(a.1)

or∆AHC:ext∠BHA=int∠BCA↴ (1.16)∴BC=EF

∴∆ABC,DEF:AB=DE(hyp)BC=EF(proved)∠B=∠D

∴∆ABC≡∆DEF(1.4)

Thenextsixproblemsareallsolvedusing1.26.Thechallengeistopickthe

necessaryequaltriangles.Sometimesyouhavetoaddaline,usingsomerelation,in

ordertohavethetrianglestocompare.In#33,startbyaddingthelineEFPandthen

reasonbackwards.

Problems

30.Theorem

∀∆ABC:ifAD×/2∠A,BD⊥AD,BD×AD,AC@D,EthenBD=DE

31.Theorem

∀∆ABC,if∀P∈AD×/2∠A,PQ,PR⊥AB,ACthenPQ=PR

32.Problem

Given:AB,CD,EF,CD!‖EF

Required:P∈AB:PQ⊥CQD,PR⊥ERF

(CQD,ERFarelines.Forangleswealwaysuse∠)

33.Problem

Given:AB,AC,∀Poutside∠BAC

Required:lineEFP(PEF):E∈AB,F∈AC,AE=AF

34.Problem

Given:∀P,Q,R

RequiredlineOP⋅|⋅(Q,R):QS⊥ASB,RT⊥ATB

35.Theorem

∀⊿ABC,DEF:∟B=∟E,AB=DE,AC=DFthen⊿ABC≡⊿DEF

(⊿ isarighttriangle)
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OnParallelLines

First,anaxiomandadefinition:

a.12Ifalinecuttwootherlinessuchthat,ononesideofthefirst,

theothertwomakeanglessummingtolessthantworightangles,

thelines,extendedonthatside,mustintersect.

d.1.29Parallellinesarecoplanarlineswhichcannotbeproducedto

intersect.

Ifyoupursuepuregeometrymuchfurtheryouwillfindthatthis

definitionandaxiom havecomeunderalotofdiscussion.Many

haveattemptedimprovements. Inspiteofallthebignames

involved,IwillspeakupforEuclidhereandsaywhyhischoicesare

allwecouldaskfor. First,parallellines,likerightanglesand

straightlines,neednodefinition. Weunderstandtwoequidistant

linesnotmeetingbeforeweacquirethewords"parallel"and

"equidistant". Theideaofsuchlinesisanotheridealweknow

everythingaboutandwillneverencounterperfectlyintheworld.

Andhisdefinitionclearlybringsthisidealtomind.

Thisdefinitioncouldbestatedinmanyways.Butitgoesalong

perfectlywiththeaxiom andwiththepracticeofEuclid'spure

geometry.Saywehavetwolinesscratchedinthedirtthatdonot

meet.Ifwewanttoknowiftheywillmeetwhenproduced,we

needatestforintersection.Andthisiswhattheaxiomgives.Cut

thetwolineswithanotherline,measuretheanglesononesideof

thecuttingline.Iftheyadduptolessthantworightangles,our

linesintersectonthatside;iftomorethantworightangles,onthe

otherside;ifequaltotworightangles,theydonotintersect.No

proposedreplacementforthisaxiomhasofferedsuchatest.And

so,inmymind,allthosesuggestionsareuseless.Wedon'tneed

heightenedformalelegancehere.Weneedapracticalanduseful

testofparallelismbetweenlines.

InEuclid,weareworkingwithalmostnaiveidealsinasmall(no

biggerthanasheetofpaperorasandbox)andpracticalway.
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WhenEuclidsaidlinescouldbeproducedindefinitely,hemeant

insidethesandbox.Hedidnotmeanaroundtheworld,whichhe

knewtoberound,nortoinfinity,whichdidnotexistforhimorfor

Archimedes,whocomputedhowmanygrainsofsandwouldfillthe

universe.(Quiteafew,apparently.)ByexcludingideasthatEuclid

couldneverhavehad,werealizehowbeautifullyandelegantlyhis

smallworldofidealshasachieveditscompleteness.Thathissmall

worldisnotacompletemodelofouronlyworldishardlyshocking.

AndnoamountoftweakingEuclidwillfillthatgap.Itsufficesthat

Euclidiscompletewithinitsownboundsofthreepostulatesand

twelve axioms. Euclid wasthe firstto formally expressa

mathematicinsuchterms.Andeveryformalmathematicthathas

followedhimstandsonhisshoulders.

Youwillalsodiscoverthatthelaterintroductionofnon-Euclidean

geometryshocked the intellectualworld to the core. Iam

completelymystifiedbytheirreaction.Evenphilosophysuffered

undertheblow.Andallthemindsaffectedwereawarethatwelive

onasomewhatlopsidedsphere.Andonthissphere,parallellines,

perpendiculartoanygivenline,allmeetatapoint.Themaincase

ofthisbeinglinesoflongitudeperpendiculartotheequator.The

pointhereisthat,inmathematics,wearedealingwithidealsand

theirrelations,notwithreality.Andweshouldkeepthisinmind.

Moreonsolvingproblems:thepointisnottogetasolution;thepointistodevelop

amind.Geometryisonlyabeginning.Youwillusethismindyouaredevelopingfor

everythingyouthinkaboutinyourfuture.Insolvingaproblem,thedatamustbe

turnedintoasufficientlyaccuratediagram.Allpertinentrelationsmustbeindicated

onit.Allrelevantpointsmustbelabelled.Withthegoalinmind,youthenconsider

yourtoolsandthediagram,lookingforanideawhichwillbeginyourladderof

reasoning.Thisbeingatextbook,startwiththemostrecenttool.Ifyouneedaline

oranangletouseatool,additifyoucanjustifyitwithyourtools.Often,thebest

approachistoaddthesolutionasyourstartingpointandworkbackwardsusing

analysis.Whetheryousolvetheproblem ornot,studythesolutionandaddits

methodofsolutiontoyourtools.Remaincalm andthoughtfulfrom beginningto

end.Thedevelopmentofamindisaninfiniteeffort.Forgetabouttime.In

consciousness,thereisonlyeternity.Or--calm,clearreasoningismoreproductive

thananyamountofpressuredanxiouseffort.
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Proposition27.Theorem

Ifalinecuttwootherssoasto

makeequalalternateangles(alt∠),

thenthetwolinesareparallel.

IfEF×AB,CD:∠AEF=∠EFD

thenAB‖CD

Proof

Else,AB(pr)×CB(pr)@GtowardsBandD(a.12)

∴figureGEF≡∆andext∠AEF>∠EFG(1.16)

∴∠AEF=∠EFD=∠EFG(hyp)↴

∴AB!×CD@G

Sym.AB!×CDtowardsAandC

∴AB‖CD(d.1.29)

Proposition28Theorem

Ifalinecuttwootherlinestomakean

exteriorangleequaltoitsopposite

interiorangleortomakeinteriorangles

ononesideequaltotworightangles,

theothertwolinesareparallel.

IfEF×AB,CD:

1)ext∠EGB=intopp∠GHDor

2)∠BGH+∠GHD=2∟,thenAB‖CD

Proof

Case1:∠EGB=∠GHD(hyp)and∠EGB=∠AGH(1.15)

∴∠AGH=∠GHD(a.1)andtheyarealternate.

∴AB‖CD(1.27)

Case2:∠BGH+∠GHD=2∟ (hyp)

and∠AGH+∠BGH=2∟ (1.13)

∴∠BGH+∠GHD=∠AGH+∠BGH(a.1,a.11)

∴∠GHD=∠AGH(a.3)andtheyarealternate.

∴AB‖CD(1.27)
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1.27and1.28indicatewhatkindofanglesshowthatalinehascut

twoparallellines. 1.29istheconverseofboth,assumingthe

parallelbitandshowingthosesameanglesarecreated.

Proposition29.Theorem

Ifalinecuttwoparallellines,itcreatesalltheangularrelationsof

propositions1.27and1.28.

IfEF×AB,CD,AB‖CD,then

1)alt∠AGH=alt∠GHD

2)ext∠EGB=intopp∠GHD

3)∠BGH+∠GHD=2∟

Proof

Case1:If∠AGH≠∠GHD,let

∠AGH>∠GHD

∴∠BGH+∠AGH>∠GHD+∠BGH(a.2)

∠AGH+∠BGH=2∟ (1.13)

∴ ∠GHD+∠BGH<2∟ ∴ AB×CD(a.12)↴ (hyp)

∴ ∠AGH=∠GHD

Case2:

∠AGH=∠EGB(1.15)∴ ∠EGB=∠GHD(case1,a.1)

Case3:

∠EGB=∠GHD∴ ∠BGH+∠EGB=∠GHD+∠BGH(a.2)

∠EGB+∠BGH=2∟ (1.13)

∴ ∠GHD+∠BGH=2∟

Don'tgettoocaughtupinalternate,external,opposite,orinternal

angles.Lookatthebigpicture.Let∠EGAbe∠1,∠EGBbe∠2,

∠BGHbe∠3,andthelastone∠4.Keepnumberingthesame

anglesaroundHthesameway.Then∠1=∠3=∠5=∠7and

∠2=∠4=∠6=∠8.Takeonefromeachgroupandtheysumto

2∟.Thisisallfrom1.13and1.15.Oneofthepowersofparallel

linesistoshowusthisequalityofangles.Andsoontheywillshow

ustheequalityoffiguresboundedbythem. Notethatalt∠ is

"alternate"or"altitude". Butthelatterisalwaysgivenas"XY

alt∠Z".
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Problems

36.Theorem

∀linesA,B,C,D:ifA‖C,B‖D

ThentheangleAmakeswithBequalstheangleofCwithD

37.Theorem

∀isos∆ABC:if∀DE‖BC,DE×AB(pr),AC(pr)@D,E

Then∠CED=∠BDE

38.Theorem

∀∆ABC,ifext×/2∠A‖BCthen∆ABC≡isos∆

39.Theorem

∀AB,CD:AB‖CD∀E,F∈AB,CD,GmdptEF

Then∀lineonG⋅|⋅(AB,CD)hasmdptG

40.Theorem

∀linesA,B:A‖B,∀PeqDA,B

Then∀twolines,not‖A,B,onPinterceptequalsegmentsofA,B

41.Theorem

∀∆ABC:ifAD×/2∠A×BC@D,

DE‖ACxAB@E,DF‖AB×AC@FthenDE=DF

42.Theorem

∀ABC:ifBC(pr)toD,CE×/2∠C×AB@E,CG×/2ext∠C,

EF‖BC×AC@F,EF×CG@GthenEF=FG

(Or:AnytriangleABC:ifBCisproducedtosomeD;andCE,bisector

of∠CintersectsABatE;andCGbisectsexternal∠C;andEF,

paralleltoBC,intersectsACatF;andEFintersectsCGatG,then

EF=FG.Youcanseewhyweusesymbols.)

43.Problem

Given:⊿ABC,∟C

Required:D∈AB:DB=DEDE⊥AC

44.Theorem

∀isos∆ABC:if∀D∈BC,DEF⊥BC×AB(pr),AC(pr)@E,F

Then∆AEF≡isos∆

(Notethat,here,ABandACmayormaynotneedtobeproduced.)
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Proposition30.Theorem

Lineswhichareparalleltothesame

lineareparalleltoeachother.

Proof

AB‖EF,CD‖EF,GKHxAB,CD,EF

GKH×AB,EF

∴∠AGH=∠GHF(1.29)

GKH×CD,EF

∴ ∠GKD=∠GHF(1.29)

∴∠AGH=∠GKD(a.1)andtheyarealt∠

∴ AB‖CD(1.27)

Proposition31.Problem

Given:∀pointA,lineBC,A∉BC

Required:lineonA‖BC

Method

∀D∈BC,joinAD.

Copy∠ADCtoAfor∠DAE(1.23)

ProduceEAtoF.EFrequired

Proof

ADxEF,BC∴∠EAD=∠ADCandtheyarealt∠ (con)

∴EF‖BCandA∈EF

Problems

45.Problem

Given:pointA,lineCD,∠E,A∉CD

Required:B∈CD:∠ABC=∠E

46.Problem

Given:∀isos∆ABC

Required:D,E∈AB,AC:BD=DE=EC

Problem-wise,prepareyourself.Proposition1.32is,inasense,the

culminationof1.16-21,24,and25,theculminationofallangle

relationsofatriangle.Itenablesaboatloadofproblems.Even

1.47(PythagoreanTheorem)hasfewerproblemsfollowingit.



47

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Proposition32.Theorem

∀∆ABC,1)ifanysideisproduced,theexternalangleisequalto

thesumofthetwooppositeinternalangles.

2)Thesumofthethreeinterioranglesistworightangles.

∆ABC,ifBCproducedtoD,then

1)ext∠C(∠ACD)=∠A+∠B

2)∠A+∠B+∠C=2∟

Proof

CE‖AB.

1)AB‖CEandAC×AB,CE

∴∠BAC=∠ACE(1.29)

BD×AB,CE∴ ∠ECD=∠ABC(1.29)

∴ ext∠ACD=∠ACE+∠ECD=∠A+∠B(a.2)

2)∴∠ACB+ext∠ACD=∠BAC+∠ABC+∠ACB(a.2)

∠ACB+ext∠ACD=2∟ (1.32)

∴∠BAC+∠ABC+∠ACB=∠A+∠B+∠C=2∟

Thenexttwocorollariesto1.32wereaddedbyRobertSimson

(18thCScotland),whowroteanearlyEuclidtext.Inthenotation,

"∃"isread"thereexist(s)"andsomeofthe"∀"shouldberead

"all". Forexample,intheproofofC1,line2reads:"Therefore

thereexistntriangles,suchthatforeverytriangle,thesumoftheir

anglesequalstworightangles."Andthenforline3:"Butthesum

ofallofthetriangles'anglesequals". Youwillknow youare

readingitcorrectlywhenitistrue.Reasonitout.

EverythinginEuclidistrue.Euclidincludedwhathedidbecauseit

had been discovered to betrue. Truth requiresno human

authoritiestopassjudgmentuponit.Thisisbecause,whenyou

understandthetruth,itisdemonstrable.Youcandemonstrateits

truth.And,untilyoucandothat,nothinginEuclidistrueforyou.

Demonstrationisthemeasureofyourunderstanding. Truthis

realizedandyouexperiencethiswhenyousuddenlyseethe

particulartruththatsolvesaproblem.
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Corollary1

∀n-gon,∑int∠ +4∟ =n2∟

Proof

∀n-gon,∀Finn-gon,joinF[A-N]

∴∃n∆:∀∆,∑∠ =2∟ (1.32)

But∑(∀∆О)=

∑(int∠n-gon)+∑(∀∠ onF)

∀∑∠ onF=4∟ (1.15.C2)

∴∑int∠ +4∟ =n2∟

Corollary2

∀convexn-gon,∑ext∠ =4∟

("convex"meansnoanglespokeinto

then-gon.Nore-entrant∠)

Proof

∀int∠ABC+ext∠ABD=2∟ (1.13)

∴∑∀int∠ +∑∀ext∠ =n2∟

But∑∀int∠ +4∟ =n2∟ (1.32.C1)

∴∑∀int∠ +∑∀ext∠ =∑∀int∠ +4∟ =n2∟

∴∑∀ext∠ =4∟ (a.3)

Problems

47.Theorem

∀∆,∀∠Xisobtuse,right,acuteas∠X>=<2∟

48.Problem

Required:×/3∟ (trisectarightangle)

49.Problem

Required:isos∆:∠A=4∠B,C

50.Problem

Required:isos∆ABC:½∠A=1/3∠B,C

51.Theorem

∀isos∆ABC:produceBAtoD:BA=AD.JoinDC

Then∆DBC≡⊿
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52.Theorem

∀isos∆ABC:ifBD,CEalt∠B,Cthen∠DBC=∠ECB=½∠A

53.Theorem

∀isos∆ABC:ifBD,CE×/2∠B,C,BD×CE@Fthen∠BFC=ext∠B,C

54.Problem

Given:lineA,pointsP,Q∉A

Required:linesonP,QformingeqS∆onA

(BaseissegmentofA)

55.Problem

Given:AB,AC,DE,∠F

Required:P,Q∈ AB,AC:AP+PQ=DE,∠APQ=∠F

56.Theorem

∀∆ABC:ifBD,CD×/2ext∠B,Cthen∠BDC+½∠A=∟

57.Theorem

∀isos∆ABC:ifsidesproducedand

belowBC:∠BCD=∠CBE=1/3∠B,C

thenthreeisos∆created

58.Theorem

∀⊿ABC∟A:ADmed∠A=½BC

59.Theorem

∀∆ABC:ifAD,BEalt∠A,BandFmdptABthenDF=EF

60.Theorem

∀∆ABC:ifAD,BEalt∠A,B,FmdptAB,FG⊥ABthenFG×/2DE

61.Theorem

∀isos∆ABC:BD,CE×/2∠B,CthenDE‖BC

62.Theorem

∀AB,CD:ifAB=CD,AB!‖CD,∠ABD=∠CDBthenBD‖AC

63.Problem

Given:hypotenuseandAD=∑(othertwosides)

Required:implied⊿

64.Problem

Given:hypotenuseandAD=~(othertwosides)

Required:implied⊿

("~"means"thedifferenceof")
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65.Problem

Given:hypotenuseABandalt∟C

Required:implied⊿

66.Problem

Given:∆ABC,perimeterDE

Required:∆ofperimeterDEwithanglesof∆ABC

67.Problem

Given:perimeterDE,∠FGH

Required:implied⊿

68.Problem

Given:AB,CD:AB‖CD∀P⋅|⋅(AB,CD)

Required:S,T∈ AB,CD:PS⊥PT

(Problemsrequiringagreatermasterymarkedwith*)

69.Problem*

Given:AB,AC,∀P∈AB

Required:PQ:Q∈AC,∠APQ=3∠AQP

70.Theorem*

∀∆ABC:AD,CFmed∠A,C,produceAD,CFtoE,G:AD=DE,CF=FG

ThenEBGisoneline.

71.Problem*

Given:∀AB

Required:×/3ABusingeqS∆orisos∆onAB

72.Theorem*

∀AB,CD:AB×CD@E,joinAC,BD,BF×/2∠B×CF×/2∠C@F

Then∠CFB=½(∠EAC+∠EDB)

73.Problem

Given:regular8-gon(regular≡eqSandeq∠)

Required:Magnitudeofitsangles

74.Theorem

∀AB,⊙A,AB×⊙B,BA@C,F,eqS∆CAB,ProduceABtoE∈ ⊙B

Then∆CDE≡eqS∆

Sometimes,inthecontextofaproblem,youfeellikeyoudon'tevenknowhowa

solutioncouldbeexpressed.Studyingthesolutionteachesyouhowwesaythat

thinginpuregeometry.
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Proposition33.Theorem

Linesjoiningtheendpointsof

equalandparallellinesareequal

andparallel.

∀AB,CD:ifAB=CD,AB‖CDthen

AC=BDandAC‖BD.

Proof

JoinBC

AB‖CDandBC×AB,CD∴ ∠ABC=∠BCD(1.29)

∆ABC,BCD:AB=CD(hyp)BC=BC(a.1)∠ABC=∠BCD(proven)

∴∆ABC≡∆BCDandAC=BD,∠ACB=∠CBD(1.4)∴AC‖BD(1.27)

Proposition34.Theorem

∀‖gmABCD:1)AB=CD,AC=BD,

∠A=∠D,∠B=∠Cand

2)AD,BC×/2‖gm

Proof

1)AB‖CDandBC×AB,CD∴∠ABC=∠BCD(1.29)

AC‖BDandBC×AC,BD∴∠ACB=∠CBD(1.29)

∆ABC,BCD:∠ABC=∠BCD,∠ACB=∠CBD(proven)BC=BC(a.1)

∴∆ABC≡∆BCDandAB=CD,AC=BDand∠BAC=∠CDB

∠ABC=∠BCD,∠ACB=∠CBD

∴∠ABC+∠CBD=∠BCD+∠ACB∴∠ABD=∠ACD(a.2)

2)∆ABC≡∆BCD(proven)∴ BC×/2‖gmABCD.Sym.forAD.

d.1.30Aparallelogram(‖gm)isa4-gonofopposingparallelsides

Givenanyproblem aboutatriangle,youcanparallelogramizethe

triangle.Everythingyoulearnabouttheonecanoftenbeapplied

totheother.Inournotation,turninga∆intoa‖gmwillbenoted

as‖gmizeinthesolutions.Andhereishowtodraw∀‖gm:Use

yoursix-inchrulertostrikethelongoff-setparallelhorizontalsides.

Thenusetherulertostrikeanangledend.Donotstrikethelast

sidewithoutmovingtherulerawayfrom thethirdoneoryouwill

havearhombustoskewyourthinking.
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Whenconsideringadiagram,askyourself,"Wherecanyouseetheresultofa

proposition?Whatcanyouaddinordertocreatetheresultofausefulproposition?"

Sure,youneedtheabilitytofollowthelogicofaproposition'sproof.Butthe

propositionsrepresentrelations.Seeingandapplyingtheserelationsisthepractice

ofpuregeometry.Bemethodicalinthis;gothroughallyourtools,ifnecessary.

Problems

75.Theorem

∀4-gon,ifoppsidesareequal,then4-gon≡‖gm.

76.Theorem

∀4-gon,ifoppanglesareequal,then4-gon≡‖gm

77.Theorem

∀‖gmABCD,AC,BD×/2e.o.(e.o.≡"eachother")

78.Theorem

∀4-gonABCD,ifAC,BD×/2e.o.,then4-gon≡‖gm.

79.Theorem

∀‖gm,ifadiagonalbisectsoppositeangles,allsidesareequal.

80.Theorem

∀4-gonABCD:iftwooppsidesparallel,twoequalbutnotparallel

Then∑(opp∠)=2∟

81.Theorem

∀∆ABC∀CE,BFE∈ABF∈AC,CE,BFcannot×/2e.o.

82.Problem

Given:∀AB,CD:AB‖CD,∀P∉AB,CD,line(magnitude)L

Required:LineonPinterceptedbymagnitudeL⋅|⋅(AB,CD)

83.Theorem

∀‖gm,bisectorsofadjacentanglesintersectatrightangles.

84.Theorem

∀‖gm,bisectorsofoppositeangleseithercoincideorareparallel.

85.Theorem

∀‖gm,ifdiagonalsareequalthen‖gmeq∠

86.Problem

Given:linesAB,CD,magnitudesL,M

Required:1)P:perpendicularsfromAB,CDtoPequalL,M

2)Numberofsuchpointsthatexist
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87.Problem

Given:∀AB,CD,magnitudesE,F

Required:lineequaltoE,paralleltoF,terminatedbyAB,CD

88.Theorem

∀‖gmABCD:eqS∆AEB,CGDoutside‖gm,eqS∆BFCoverlaying‖gm

ThenEF,GF=AC,BD

89.Theorem

∀lineABC:AB=BC,∀lineDFnotpassingbetweenAandC,

AD,BE,CF⊥ AC×DE@D,E,FThenAD+CF=2BE

90.Theorem

∀‖gmABCD:∀EFoutside‖gm,joinA,B,C,Dw/⊥ toEF

Then∑(⊥onA,C)=∑(⊥onB,D)

("w/⊥"≡"withperpendiculars")

91.Theorem

Givena‖gmofconstantsides,iftheanglecontainedbytwosides

increases,thenthediagonalonthatangledecreases.

92.Theorem

∀6-gon,ifoppositesidesarepair-wiseequalandparallel

Thenthethreediagonalsconcur(meetatapoint)

93.Problem

Given:AB,AC,pointD⋅|⋅(AB,AC)

Required:linew/endpointsonAB,AC,×/2@D

94.Theorem

∀‖gmABCD:E,FmdptAD,BCthenBE,DF×/3AC

(BEandDFtrisectAC)

95.Theorem

∀4-gon:ifAD‖BCthenareaABCDequalsthatof‖gmformed

byline‖ABonEmdptCD

96.Theorem

∀∆ABC:D,EmdptAB,AC,

Then∆ADE=1/4∆ABC

97.Problem*

Given:rhombusABCD,PmdptAB

Required:inscribedrhombus(allverticesonrhomABCD)w/vertexP
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Proposition35.Theorem

‖gmsonsamebase,betweensame

‖shaveequalarea.

If‖gmABCD,DBCF⋅|⋅(AF‖BC)

then‖gmABCD=‖gmDBCF

Proof

Case1)sidesAD,DFterminateonD.

Thenbyinspectionboth‖gmequal2∆BDC(1.34)

∴ABCD=DBCF(a.6)

Case2)Sidesnotterminatedatsamepoint.

ABCD≡‖gm∴ AD=BC

Sym.EF=BC∴ AD=EF(a.1)

∴AE=DF(a.2,3)

∆EAB,FDC:AB=DC,AE=DF

∠FDC=∠EAB(1.29)

∴∆EAB≡∆FDC

∴ABCF-∆FDC=ABCF-∆EAB(a.3)∴ ABCD=EBCF

Case2ismoreclearlyseeninRHSdiagram.Onceyouseeitthere,

you'llseeitintheLHSone.

Proposition36.Theorem

‖gmsonequalbasesbetween

same‖shaveequalarea.

‖gmABCD,EFGH:ifBC=FG,

ABCD,EFGH⋅|⋅(BG‖AH)

ThenABCD=EFGH

Proof

JoinBE,CH.

BC=FG(hyp)FG=EH(1.34)∴BC=EH(a.1)

BC‖EH(hyp)andBC=EH∴ BE=CH(1.33)∴EBCH≡‖gm

‖gmEBCH,ABCDonBC⋅|⋅(BC‖EH)∴ EBCH=ABCD(1.35)

Sym.EBCH=EFGH∴ ‖gmABCD=‖gmEFGH(a.1)
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Proposition37.Theorem

Trianglesonsamebasebetween

same‖shaveequalarea.

IfAD‖BC,∆ABC,DBConBC

then∆ABC=∆DBC

Proof

ProduceEADF.BE‖AC,FC‖BD(1.31)

‖gmEBCA=‖gmDBCF(1.35)

AB,DC×/2EBCA,DBCF∴∆ABC,DBC=½(EBCA,DBCF)(1.34)

∴∆ABC=∆DBC(a.7)

Getitveryclearinyourheadthattheselastpropositionsareonly

aboutequalarea.Weuse"="forthis,showingequalmagnitudes.

InEuclid,magnitudecanbelength,area,orvolumeandtheynever

haveanynumberstogowiththem.Theyaresimplyequal.And

equivalence("≡")means"equalineveryway":sides,angles,area:

allequal.

Problems

98.Theorem

∀‖gmABCD,∀lineonD×BC,AB(pr)@F,G.JoinAF,CG.

Then∆ABF=∆CFG

99.Problem

Given:∆ABConlineBCD

Required:Trianglew/baseonBDofequalarea∆ABC

100.Problem

Given:∀∆ABC,∀D∈BC

Required:∆ ∆ABC,apexD,baseonAB(pr)

(ABproducedeitherway)

101.Problem

∀4-gonABCD,∀P∈CD

Required:4-gonABEF,P∈EF,EF‖AB,area=ABCD

102.Problem

Given:∀4-gonABCD,P∈CD

Required:∆=ABCD,vertexP,base∈AB(pr)
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103.Problem*

Given:∀‖gmABCD

Required:rhombus=ABCD

104.Problem*

Given:∀∆ABC,∀MN‖AB

Required:∆=∆ABC,base∈AB(pr),apex∈MN

Proposition38.Theorem

Trianglesonequalbasesbetween

same‖shaveequalarea.

∆ABC,DEF:ifBC=EF,AD‖BCEF,

Then∆ABC=∆DEF

Proof

ProduceGADH,BG‖AC,FH‖DE,joinCE

∴GBCA,DEFH≡‖gm(d.1.30)

BC=EFandAD‖BCEF(hyp)∴GBCA=DEFH(1.36)

∆ABC,DEF=½‖gmGBCA,DEFH(1.34)

∴∆ABC=∆DEF(a.7)

Problems

105.Theorem

∀∆ABC:ifD,EmdptAB,AC,BE×CD@F

Then∆FBC=4-gonADFE

106.Theorem

∀∆ABC,DEF:ifAB=DE,AC=DF,∠A+∠D=2∟

Then∆ABC=∆DEF

107.Theorem

∀‖gmABCD:AC,BDcreate4trianglesofequalarea.

108.Theorem

∀‖gmABCD,∀P∈BD,joinP[AC]then∆PAD=∆PCD

109.Theorem*

∀4-gonABCD:ifa∆hassidesequalto4-gon'sdiagonalsandthe

includedangleofthosesidesequalseitheroftheoppositeangles

(1.15)ofthediagonals,thenthe∆=ABCD.
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110.Problem*

Given:∀∆ABC∀P∈AC(nearerAthanC)

Required:Bisect∆withlineonP

111.Problem*

Given:∀4-gon∀vertex

Required:Bisect4-gonwithlineonvertex

(Forminimalagony,seeproblemdiagraminstructions.)

Proposition39.Theorem

Equaltriangles,onsamesideofsame

base,arebetweensameparallels.

If∆ABC=∆DBCandA,DsamesideBC

thenAD‖BC

Proof

JoinAD.ThenAD‖BC.

ElseletAE‖BC×BD@E.JoinEC.

∆ABC,EBConBC,⋅|⋅(AE‖BC)∴∆ABC=∆EBC(1.37)

∆ABC=∆DBC(hyp)∴∆DBC=∆EBC(a.1)orgreater=lesser↴

∴AE!‖BCSym.nootherlinebutAD‖BC∴ AD‖BC

Problems

112.Theorem

∀AB,CD:AB×CD@E,if∆AEC=∆BEDthenAD‖BC.

Itcanhappenatsomepointthatyouarenolongerabletosolve

theproblems. Thisisnotuncommon. Itisperfectlyvalidto

continueon,studyingthesolutions.ButmyapproachtoEuclidhas

beentorestarttheproblems.GobacktoProblem1andstartover,

bringingtobearallyouhavelearnedtosolvetheproblemsagain.

Youwillsolvemorethistimethanonyourfirstpass.Annoyingly,

youwillbeunabletosolvesomeyousolvedbefore.Inmycase,I

restartedtwiceandworkedonall625problemsinTodhunter's

Euclid,solvingafairnumberandstudyinghissolutionsofallof

them.Thisapproachiseasierifyouremoveallsenseoflimiting

deadlinesfromyourthought.Makeitafreeandjoyfuleffort.
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Proposition40.Theorem

Equaltrianglesonequalbaseson

samesideofsamelinearebetween

thesameparallels.

If∆ABC=∆DEFonsamesideBF,

BC=EF,thenBF‖AD.

Proof

JoinAD.ThenAD‖BF.ElseletAG‖BF×DE@G.JoinGF.

∆ABC,GEF:BC=EF,AG‖BF∴∆ABC=∆GEF(1.38)

∆ABC=∆DEF(hyp)∴∆DEF=∆GEForgreater=lesser↴

∴AG!‖BFSym.nootherlinebutAD‖BF∴AD‖BF

Problems

113.Theorem

∀∆ABC,DBC:A,DoppsidesofBC:if∆ABC=∆DBCthenBC×/2AD

Proposition41.Theorem

∀‖gmABCD∀∆EBC:ifADE‖BC

then‖gmABCD=2∆EBC

Proof

JoinAC.∆ABC,EBConBC,⋅|⋅(BC‖AE)

∴∆ABC=∆EBC(1.37)

AC×/2‖gmABCD(1.34)∴‖gmABCD=2∆ABC

∴‖gmABCD=2∆EBC

Problems

114.Theorem

∀‖gmABCD:ifEF×/2‖gmABCD,EF×AD,BC@E,F,

Then∆EBF=∆CED

115.Theorem

∀4-gonABCD:ifBC‖AD,EmdptCDthen∆AEB=½4-gon

116.Theorem

∀‖gmABCD:ifOmdptBDthen∀lineonO⋅|⋅(AD,BC)×/2‖gm
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117.Problem

Given:∀‖gmABCD,∀P∈‖gm

Required:Bisect‖gmwithlineonP

118.Theorem

∀∆ABC:Linejoiningmidpointsofsidesisparalleltothebase.

119.Theorem

∀∆ABC:Linejoiningmidpointsofsides=½base.

120.Theorem

∀∆ABC,∀D∈BC,ifE,F,G,HmdptBD,DC,AB,ACthenEG=FH

121.Theorem

∀4-gon:linesjoiningmdptsadjsidesform‖gm

122.Problem*

Given:mdptsofthreesidesof∆

Required:implied∆

123.Theorem

∀∆ABC:ifE,FmdptAB,AC,alt∠A×BC@D

Then1)∠FDE=∠BAC2)AFDE=½∆ABC

124.Theorem

∀‖gmsABCD=BEFC=EGHF:ifDE,CG×BC,EF@K,L

Then‖gmKELC=½ofeachequal‖gm

Proposition42.Problem

Given:∆ABC,∠D

Required:‖gmwith∠D=∆ABC

Method

×/2BC@E(1.10)JoinAE.

Copy∠Dto∠CEF(1.23)

AFG‖BCandCG‖EF(1.31)

‖gmFGCErequired

Proof

BE=ECandBC‖AG(con)∴∆ABE=∆AEC(1.38)∴∆ABC=2∆AEC

‖gmFGCE,∆AEC:baseAC⋅|⋅(EC‖AG)∴FGCE=2∆AEC(1.41)

∴‖gmFGCE=∆ABCand∠CEF=∠D
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Inthefollowingfigureis‖gmABCDwithdiagAC.∀K∈AC(orBD),

addEKF‖ADandHKG‖AB.Thiscreatesfour‖gms.Wecandenote

‖gmsbyoppositecorners,i.e.,‖gmAHKE≡‖gmAKorsimplyAK.

Soin‖gmABCD,wehaveAKandKConthediagonal,BKandKDoff

thediagonal.BKandKDarecalledcomplements.

Proposition43.Theorem

∀‖gm,complementsareequal.

∀‖gmABCD∀K∈AC:BK=KD

Proof

AHKE≡‖gmwithdiagAK

∴∆AEK=∆AHK(1.34)

Sym.∆KGC=∆KFC

∴∆AEK+∆KGC=∆AHK+∆KFC

AC×/2‖gmABCD∴∆ABC=∆ADC(1.34)

∴∆ABC-(∆AEK+∆KGC)=∆ADC-(∆AHK+∆KFC)

∴ BK=KD

Problems

125.Theorem*

∀‖gmABCD,∀O∈‖gm:if∃twolinesonOparalleltosidesand

‖gmOB=‖gmODthenO∈AC

Ihaveatheoryaboutthenextthreepropositions.Greekgeometry

wasgreatly concerned with the perfectfigure ofa square.

Proposition46allowsustocreateasquareonanyline.Butwhatif

we wantto compare some otherfigure with thatsquare?

Proposition44,with42aslemma,letsusputaparallelogramequal

tothesimplestfigure,atriangle,onanyline.Andasquareisa

parallelogram.Thenproposition45,extending44,letsuscutup

anyn-gon,startingwitha4-gonasexample,andturnitintoa

parallelogram.Sowecantakeanyrectilinealfigure(n-gon)and

turn itinto asquareon agiven line. TheGreeksstudied,

geometrically,theformofnumber(Euclid,BooksVIItoX).Andthe

sideofasquaregivesusthesquarerootofanyn-gon'sarea.
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Proposition44.Problem

Given:∀AB,∀∆C,∀∠D

Required:‖gmonABwith∠D=∆C

Method

‖gmFEBG=∆Cwith∠EBG=∠Don

ABE(1.42)

AH‖BG(1.31)×FG@H.JoinHB.

HF×‖sAH,EF∴ ∠AHF+∠HFE=2∟ (1.29)

∴∠BHF+∠HFE<2L∴ HB(pr)×FE(pr)@K(a.12)towardsB

KL‖EA×HA,GB@L,M

‖gmBLrequired

Proof

‖gmHLFK:‖gmBL,FBcomplements∴‖gmBL=‖gmFB(1.43)

‖gmFB=∆C(con)∴‖gmBL=∆C(a.1)

∠GBE=∠D∴∠ABM=∠D(1.15)

∴‖gmBLonABwith∠D=∆C

Weareallbozosonthisbus.Itisaverylongbus.Peoplechange

seatsallthetime.Thatidiotfrom waybackbehindyouisnow

sittingupnearthefront.Andwhenhetalksmathematicsnow,all

youcanmakesenseofarethepronounsandsomeoftheverbs.

Withdiligence,youwillalsomoveintoseatsnowinfrontofyou.

Benicetothepeopleyousitwith,eveniftheyaresnobsorbullies.

ManyriderschoosetowearSmartiePants.Andifthewearersare

smartenough,theygetawaywithdressingsoridiculouslywhile

theyareonourbus.Awayfrom thebus,theypayaheavyprice.

Someofthem getthesmackdowntheydeserveandchangetheir

ways.SomeofthereallysmartpeopleinSmartiePantsneverlearn

anybetterandpayaheavyprice.ThelifeofGeorgeHardyisa

cautionarytalealongtheselines.

Partofrealmathematicsisrealhumility--notjustnow,whileyou

areslowandthick,butalways.Andthisqualitywillhelptogetyou

alifeworthliving.



62

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Proposition45.Problem

Given:∀n-gon∀∠

Required:‖gm=n-gonw/∠

Method

∀n-gonABCD,∀∠E.JoinDB.

‖gmFGHK=∆ADBwith∠FKH=∠E(1.42)

‖gmGLMH=∆DBCwith∠GHM=∠E(1.44)

‖gmKMLFrequired

Proof

∠E=∠FKH,GHM(con)∴∠FKH=∠GHM(a.1)

∴∠KHG+∠FKH=∠GHM+∠KHG(a.2)

∠FKH+∠KHG=2∟ (1.29)∴ ∠GHM+∠KHG=2∟

∴ KHMoneline(1.14)

HG×‖sKM,FG∴ ∠MHG=∠HGF(1.29)

∴∠HGL+∠MHG=∠HGF+∠HGL

∠HGL+∠MHG=2∟ (1.29)∴ ∠HGF+∠HGL=2∟

∴ FGLoneline(1.14)

KF‖HGandHG‖ML∴ KF‖ML(1.30)

KM‖FL(con)∴ KMLF≡‖gm

∆ABD,DBC=‖gmHF,GM(con)∴ABCD=‖gmKMLF

Proposition46.Problem

Given:∀AB

Required:AB²(squareonAB)

Method

AC⊥AB(1.11)AD=AB(1.3)

DE,BE‖AB,AD(1.31)ABEDrequired

Proof

ABED≡‖gm(con)∴AB,AD=DE,BE(1.34)

AB=AD(con)∴ AB=AD=DE=BE(a.1)

∠BAD=∟(con)∴ ABED≡square(d.1.31)

d.1.31AsquareisaneqS4-gonwithonerightangle.

That'sright:onerightangle.Youcanproveitforyourself.And

1.47,comingup,isthePythagoreanTheorem.Butyouknewthat.
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Proposition47.Theorem

∀⊿ABC∟A:BC²=AB²+AC²

Proof

BC²,AB²,AC²≡BCED,ABFG,ACKH(1.46)

AL‖BD(1.31)JoinAD,FC

∠BAC=∟ (hyp)∠BAG=∟ (d.1.31)

∴CGcolinear(1.14)Sym.BHcolinear

∠DBC=∠FBA=∟ (a.11)

∴∠ABC+∠DBC=∠FBA+∠ABC

∴∠DBA=∠FBC(a.2)

∆ABD,FBC:AB=FBandBD=BC(con)∠DBA=∠FBC

∴∆ABD≡∆FBC(1.4)

‖gmBL,∆ABD:onBD⋅|⋅(BD‖AL)∴‖gmBL=2∆ABD(1.41)

Sym.FB²(ABFG)=2∆FBC(1.41)

∴‖gmBL=FB²=AB²(a.6)

Sym.JoinAE,BKand‖gmCL=AC²

∴‖gmBL+‖gmCL=AB²+AC²(a.2)

∴BC²=AB²+AC²(a.1)

Aliter

∀GB,∀A∈GB:GA²,AB²(1.46)

AB=GH=EK(1.3)

JoinHC,CK,KF,FH

GH=AB(con)∴HB=GA=FE=FG

EK=AD(d.1.31)∴DK=AE=FG=HB

∴∆FGH,FEK,HBC,KDCequivalent

∴AEFG+ADCB=FHCK

andCH=FH=FK=KC

and∠KCD=∠HCB

∴∠HCK=∠BCD=∟ ∴FKCH≡CH²

CH≡hypotenuseof⊿BCHandBH=AGandCB=AB

Ifyoucan'tfigurethisproofout,thereisanexplaineronthenextpage.

"Aliter"isLatinfor"alternatively"andthisalternativeproofisone

ofthefewthingsinmathematicssofarthatactuallystrikesmeas

"beautiful"inthesenseof"elegantlyreasoned."
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AliterProof:Inline6,∆sare≡ by1.4.Forline7,pickup∆HBC,FGHoutsideKHand

plonkthemdownon∆FEK,KDCinsideKH.Lines8,9followfrom∆sbeing≡.Line10

takesform:ifA=Bthen∀C,A+C=B+CandB+C=∟∴A+C=∟.Thereisalesson

hereinline7:Beforeyoustartthinkingintermsofpropositionsandrelations,

simplylookatthediagramonitsownterms.Seewhatisactuallythere.

Proposition48.Theorem

∀∆ABC:IfBC²=AB²+AC²then∠A=∟

Proof

AD⊥ACAD=ABJoinDC(1.11,3,p.1)

DA=AB∴ DA²=AB²∴AC²+DA²=AB²+AC²(a.2)

∠DAC=∟ (con)∴DC²=DA²+AC²(1.47)

BC²=AB²+AC²(hyp)∴DC²=BC²∴DC=BC

∆BAC,DAC:AC=AC(a.1)BA=ADDC=BC∴∠DAC=∠BAC(1.4)=∟

Problems

126.Theorem

∀∆ABC,ifAC²≡ACDEBC²≡BCFHthenAF=BD

127.Theorem

∀∆ABC,if∠A<∟ thenBC²<AB²+AC²

128.Theorem

∀∆ABC,if∠A>∟ thenBC²>AB²+AC²

129.Theorem

Proveconverseof#127and#128(ifBC²<AB²+AC²then∠Aacute,etc.)

130.Theorem

∀⊿ABC∟A:if∀DE‖BC×AB(pr),AC(pr)@D,E

ThenBE²+CD²=BC²+DE²

131.Theorem

∀rect∟ ABCD,∀P:PA²+PC²=PB²+PD²

132.Theorem

∀⊿ABC∟A:ifBE,CFmed∠B,Cthen4(BE²+CF²)=5BC²

133.Theorem

∀⊿ABC∟A:ifAC²=3AB²,ADmed∠A,AEalt∠A

Then∠BAE=∠EAD=∠DAC

134.Theorem

∀⊿ABC∟A,ifsquaresBDEC,AFGB,AHJCthenDG²+EJ²=5BC²
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ProblemDiagrams

1.Usediagramfrom1.1 2.DrawanyhorizontallineAB.

DrawalongerverticallineCD

nearit.

3.Usediagramfrom1.2

4.

5.

Makesingletickmarksoneach

ofthearcstoshowthat

∠CAB=∠CAD.Maketickmarks

onAB,ADtoshowequality.

Nowallthedatafromthe

problemisvisibleinthe

diagram.

6.Onasmallishbase(AB),

striketheapexoftheeqS∆with

yourcompass.Without

changingyourcompass,strike

theotherthreeapexesandfill

inthelines.Carefullylabelas

perdata.
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7. 8.Drawrhombususing1.1.

ThenlabelA-Dclockwisefrom

toporleft.

9.Sameasfor8.

10.

ABdoesnothavetoequalDCin

thediagram.Markthemas

equalwithtickmarks.Likewise

withAC,DB.Learntosee

equalitywithyourmind.

11.Theeasiestwaytodrawthis

istomarkanapexAandswipe

alineonyourpaperwiththe

compassfromAforbase.Then

dropaperpendicularfromthe

apex,putDonit,andaddsides.

12.

13.Diagramforproposition1.5 14.Diagramforproposition1.5
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15. 16.

17. 18.

19. 20.

21. 22.

23.

24.Use∀∆andforthethree

cases:aPinthemiddleof∆,a

Pononeside,andaPoutside.
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25.∀4-gonwilldo.

26.

27.Use∀∆ 28.Asfor27.

29. 30.

31. 32.These

linesare

just

examples.

Anylines

meeting

the

conditionswilldo.

33.

34.Again,anypointsmeeting

theconditionswilldo.
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35.Nodiagramprovided.

Carefullymakeyourown.

36.

37.DEcanbeanywhereabove

orbelowBC

38.

39. 40.

41. 42.
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43. 44.

45.

46-50.Nodiagramsprovided.

51. 52.

53. 54.

55. 56.
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57. 58.

59.

60.Sameas59.

61. 62.

63-65.Nodiagramsprovided. 66.Use∀∆ABC,∀DE

MakeDElongenoughusing

yourjudgment.Rememberthat

constructionsareprimarilylogic

problems.

67.Asfor66.Keeptheangle

andperimeterseparate.

68.Nodiagramprovided.

Don'tputPinthemiddle.But

don'tcrowditagainstaline

either.
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69. 70.

71.Nodiagramprovided.

72.

73.Nodiagramprovided.

74.

75.∀4-gonwilldo. 76.∀4-gonandmarkopposite

anglesasequal:∠A=∠C,

∠B=∠D

77.∀‖gmwilldo. 78.Use∀4-gonwhichisnota

‖gmtoproveitisa‖gm.
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79.∀‖gmwilldo.

80.

81.Use∀∆ABC

82.

83.Use∀‖gmABCD 84.Use∀‖gmABCD

85.Use∀‖gmABCD

86.

87.

88.Use∀‖gmandcorrectly

placetheeqS∆s.Labelling

ABCDcounter-clockwisefrom

topleftputsBConthebaseand

Fononesideortheotherof

AD.
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89. 90.

91.Nodiagramprovided. 92.Nodiagramprovided.

93. 94.

95.Use∀4-gon,AD‖BC 96.Use∀∆

97.Constructarhombus.Join

AC,BD.BisectABatP.

98.

99.

100.Use∀∆ABC
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101.Use∀4-gon 102.Use∀4-gon

103.Use∀‖gm 104.Use∀∆ABC.Youcanput

MNanywhere.Butaboutan

inchtotheleftisconvenient.

105.

106.Use∀∆ABCandmake∠D

supplementaryto∠A,keeping

thecorrectsidesequal.

107.Use∀‖gm 108.Use∀‖gm

109.IfIgaveadiagram,it

wouldgivethesolution.

110.Use∀∆ABC

111.LetvertexAbeontheleft

andproveforA.Makealt∠B<

alt∠D.

112.Nodiagramprovided.

113.Usenotebooklinesfor‖s 114-116.Nodiagramsprovided.

117.Use∀‖gm. 118.Use∀∆ABC.
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119.Use∀∆ABC.

120.

121.Use∀4-gon. 122.Imagineyour∆.Putin

D,E,FasmdptAB,AC,BC.

123. 124.

125. 126-128.Nodiagramprovided.

129.Nodiagramprovided.

130.

131.rect∟ABCD.PutPalittle

off-centerbelowDC.

132.Nodiagramprovided.

133.Diagramiseasybutitwill

misleadyouunlessyoufocuson

thelogic.

134.Makesureyoulabelinthe

squaresintheordergiven.



77

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

ProblemHints

Ihavemixedfeelingsabouthints.Mostlytheyjustmakemefeel

stupider.Ihavetriedtomakethesebothhelpfulandconsistent.

Butyouknowwhattheysayaboutgoodintentions.

Let'sstartwithabigmetahint.Thisbeingatextbook,problemsmostlyrelatetothe

mostrecentpropositionthancanbeusedasatool.Inaseriesofproblems,someof

them willoftenbuildontheresultsofearlierproblemsintheseries.And,overall,

someproblemsaremajorresultswhichfollowimmediatelyfromEuclidandappear

inmostgeometrytexts.Thesewillgetreferencedthroughoutallthefirstsixbooks

ofEuclidintheproblems.Soifaproblemoritsdiagramseemsfamiliar,gobackand

lookatyourearliersolvedproblems.

Besidestheequivalenttrianglepropositions,thefollowingareprominent:1.5,1.6,

1.13,1.15,1.29,1.32,1.34.Bealertfortheexistenceorusefulcreationofisos∆and

‖lines.Master1.29soyoucanseeitsequalangles.Mastertheuseof‖gmizing

trianglesonceyouhave‖gms.Usesimplealgebratoshowthingsequalwhenyou

can.Whendealingwithtriangles,learntheusesofmediansandangle-bisectors.

Onceyougetto1.35andforeverafterwards,lookforfiguresonequalbases

betweenparallelsandmaster1.37.

IfyouareseriousaboutEuclid,trackthereferencesintheproblemsolutions.Intwo

orthreecolumns,listthepropositionsandcorollariesand,eventually,theback-

referencedproblems.Makeatickmarkaftereachentryasitisusedineachsolution.

ThisgivesagoodindicationofhowEuclidisactuallyusedinpuregeometry.

1.Youonlyhaveonetool.Useitagain.

2.Youonlyhavetwotools.Usethem.

3.OneradiusisfixedbyBC.

4.Notonlyforthisproblem,butfortheproblemsingeneral,ask

yourself"WhatisthelasttoolIacquired?"andseeifthattool

doesn'tsolvetheproblem.

5.Sameasfor4.

6.Sameas4again.

7.Latesttoolanduseaxiom7.

8.Proveequaltriangles.



78

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

9.Axiom2.

10.Proveequaltriangles.

11.Equaltriangles,externalangle.

12.Axiom2.

13.Equaltriangles.

14.Previousresultsor"diagramremindsyouofwhichproblem?"

15.Isoscelestriangle.

16.Isoscelestriangle.

17.Qisvertexofisoscelestriangle.

18.Linesare2∟.Thinkalittleabstractlyandusea.7.

19.Introducerightangles,compare,andsum.

20.A4-gonistwotriangles.Anduseaxiom2.

21.Useanexternalangleofthetriangle.

22.Externalanglesagain.

23.Usebothhalvesofthesquare.

24.Agooddiagramshouldsayitall.

25.A4-gonisalsotwopairsoftwotriangles.

26.Doublethemedian.

27.Arithmetic.

28.Usepriorresultor"Whatpreviousproblemdoesthislook

like?"

29.Wherecanyoubuildanisos∆?

30.Wherecanyouseeanisos∆?

31.Proveequaltriangles.

32.Trytoseeproblem31inthisone.

33.Anglebisector.

34.Useanalysis,createresultimage,workbackwards.

35.Constructwhatcanbeshowntobeanisos∆.

36.Equalityistransitive.Ifx=yandy=zthenx=z.

37.Parallellinescanimplyequalangles.

38.Useanalysis.Assumebisectorparalleltobase.

39.Proposition1.26

40.Usepreviousproblemand1.15.

41.Proposition1.26
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42.Isoscelestriangles.

43.Analysisandpriorresultswithanisoscelestriangle.

44.Addaparallelline.

45.It'sallinparallellines.

46.Methodofproblems42,43.

47.Purelogic,using"arithmetic"axioms.Sothreecases,right?

48.Useanequilateraltriangle.

49.Figureouttheangleswithalgebra.

50.Determinetheunderlyingangleanditsrelationto2∟

51.Isoscelestrianglesandalgebrate.

52.Whattwoangleshereequalarightangle?

53.Usefirstpartof1.32bychoosingext∠.

54.Parallellinesandtheirangles.

55.CopyDEtoAB.Supplementaryangles.

56.Proposition1.32andalgebrate.

57.Algebrateanglesuntilyouhaveequalbaseangles.

58.∟A=∠B+∠C.Copyoneto∠Aandthink.

59.Usepreviousproblem'sresults.

60.Usepreviousproblem'sresults.

61.Useanalysisandproposition1.28.

62.Heretherebeisoscelestriangles.

63.isos∆splitsoutthesides.⊙ radius=hypotenuse.

64.Usepreviousproblem'smethodsabitdifferently.

65.∀⊿CAB∟C≡ ∑(2isos∆)sharingmedianCD.

66.Use2isos∆andproposition1.32.

67.In∠FGHbuild∟HGK.

68.Constructtworighttriangles.

69.Addisos∆withsides=AP.

70.Show∠FBG+∠FBD+∠DBE=2∟.

71.eqS∆:×/2base∠s,‖lineontheir×-or-isos∆:base∠=1/4∟.

72.Show2∟-(∠FCB+∠FBC)=½(3d∠sof∆ACE,DBE).

73.Proposition1.32.C1andalgebrate.

74.Show∆CDEcomposedofthreeequaltriangles.

75.Joinadiagonal.
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76.Proposition1.28.

77.Considerthepairsofoppositetriangles.

78.Erase4-gonandstartwiththebisecteddiagonals.

79.Ouroldfriend,theisoscelestriangle.

80.Makeasquare.

81.‖gmize∆ABCinto‖gmABCD.

82.Tryusinga⊙ formagnitudes.

83.Proposition1.29.

84.Producetwooppsidesinoppdirectionsandbisectangles.

85.Startfrom‖gmself-bisectedbydiagonals.

86.AllpointsdistanceLfromABmakealine.

87.Thisisfor∀E,F.Putin∀solnline,addE,F,andwork

backwards.

88.Makealarger,moreaccuratediagramthanusual.Equal∆s.

89.Addalinetomakeequaltriangles.

90.Turndiagramaroundinacircleuntilyouseeapreviousresult.

91.Considerthatextremecasesandreasonitout.

92.Proposition1.33.

93.Disthevertexofaparallelogram.

94.IntroducealinesothatAG,GHsidesofequaltriangles.

95.Turnyourdiagraminacircleagain.

96.Makeaparallelogramequaltothetriangle.

97.OnCDtakeCQ=AP.

98.JoinBDandlookat∆BFG

99.JoinADandthinkaboutproposition1.37.

100.Wearestillon1.37.Whatisitgoodfor?

101.JoinP[AB]anduse1.37.

102.We'restillon1.37,right?

103.Onediagonalofrhombusisdiagonalof‖gm.

104.Moreofthat1.37stuffbutMNisnotoneoftheequal‖s.

105.Gettwoequalthingssharingathing.

106.Producealinethatbringsinboth1.38andsupplemental∠s.

107.Usebothequivalenceandequalityandriseabovethedetails.

108.Useyourlastresult.
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109.Onevertexofthetriangleisintersectionofdiagonals.

110.Proposition1.38isusedtoshowsome∆=½∆ABC.

111.NeedlineparalleltoAC.

112.Addalinesoyoucanuseproposition1.39.

113.‖gmizesomething.

114.JoinE[BC].Useproposition1.41.

115.Thinkaboutproblem#95.

116.Usepriorresults.

117.Priorresultasbriefmethodrequiresonelineofproof.

118.‖gmize∆ABCandusepriorresults.

119.‖gmize∆ABCandusetwopriorresults.

120.JoinADandusepriorresults.

121.Addthediagonalsandusepriorresult.

122.Consider#118and#119.

123.Usepriorresults.

124.Yourememberthisdiagram,right?

125.LetO∉ AC.Proofbycontradiction.

126.Side-angle-side?Hello?

127.Increase∠Afrom∟ whilekeepingACconstant.

128.Usethemethodof#127.

129.Useresults#127and#128.

130.It'sallaboutPythagoras.

131.TurnP[A-D]intodiagonalsofrectangles.

132.Usealgebraanddonotletdiagrammisleadyou.

133.IfBC²=4AB²thenBC=2AB.Whatelseequals½BC?

134.MakeDGthehypotenuseofarighttriangle,apexG.
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ProblemSolutions

1.Method

On∀AB,constructaneqS∆(1.1)

Sym.JoinF[AB]tocreateanother.(seediagram1.1)

Proof

∆ABC,ABFareeqS∆∴ AB=AC=BC=AF=BF(a.1)

∴4gonABCF≡rhombus(d.1.33)

Note

Inournotation,wecanjoinonepointtoseveralothers,asin"JoinF[AB]"whichis

shortfor"JoinFA,FB."Whenwecompareobjects,weidentifywhatkindandthen

listthem,asin"∆ABC,ABF".

Witheveryproposition,weshouldaskwhattoolsithasgivenustoworkwith.

Euclidwilluse1.1'sconstructionfor1.10and1.11.Butallwecantakeawayfromit

now,beyondaneqS∆,isthatacirclecanshowlinesareequalifwecanmakethem

playthepartofradii.

2.Method

CopyCDtoA,B(1.2)

⊙A,CD×⊙B,CD@E,F(d.1.15)

JoinE[AB](p.1)

∆EABrequired(d.1.24)

Proof

AE,BE=CD(con)

∴AE=BE(a.1)

∴∆EAB≡isos∆onABwithsidesequaltoCD(d.1.24)

Note

Justsowe'reclearonnotation:"CopyCDto[A,B]"means"copyCDtoeachofAand

B". "Join E[A,B]"means"Join EA,EB."Thereferenceto "(con)"means"by

construction"or"becauseIbuiltitthatway". Thesesolutionsbegthequestion,

"HowmuchdoIhavetoreferencethepropositionsandaxiomsandstuff?"Answer:

"Untilyouknowthem byheart."Butchecktheintrotothefinalappendixtosee

whatthatmeans.
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3.Method

PlaceA∈⊙B,BC.

JoinABand,onit,constructeqS∆DAB(1.1)

ProduceDB,DAtoF,E(p.2)

⊙B,BC×DF@Dand⊙D,BD×DE@A(d.1.15)

RadiiBC,BDrequired

Proof

C,D∈⊙B,BC(con)

∴BC,BDbothradii⊙B(p.3)∴ BC=BD(d.1.15)

Note

Evenifyougotthisproblem right,youprobablydidn'tdoitjustthisway.Isyour

wayequivalent?Doesitarriveatthetruth?Answeringthesetwoquestionsisvery

important.ItoldyouthetruthwhenIsaidthatyouknowallthereistoknowabout

1.1.Thislastproblemshowswhatthatstatementhastomean.Thoseofyouwho

studied1.2wellenoughtounderstanditmayhavesolvedthisproblem easily.

Thoseofyouwho,likeme,rushthingsabit,foundyourselvesthinking,"Well,how

doesthislittlemachinework?Whatdoesthetriangledo?Andthefirstcircle?And

thesecond?"Andthenyousolvedtheproblem. Therestofyouturnedslowlyin

yourowncircle,wonderingwheretobegin--whichisoneofthebigthingsyou

learnfrom Euclid:beginbyunderstandinghoweachlittlebitworks. Whenyou

know that,youknow allthereistoknow. Andfornotationclarity,thatwas

"ProduceDBtoFandDAtoE"inline3.

4.Proof

AB×CD@O.

∀P∈AB,joinP[CD](p.1)

∆POC,POD:OC=OD(hyp)PO=PO(a.1)∠POC=∠POD(hyp)

∴∆POC≡∆POD(1.4)

∴ PC=PD

Note

∠POC=∠PODisalsotrueby(a.11)Allrightangles(∟)areequal.

5.Proof

∆BAC,DAC:AC=AC(a.1)AB=ADand∠BAC=∠DAC(con)

∴∆BAC≡∆DAC(1.4)

∴ 1)CB=CD

and∠ACB=∠ACD

∴ 2)AC×/2∠BCD [notefollows]
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Note

The"and"inline1connectsthetwoelementsjustifiedby(con).

Notonlyisitimportanttoputallthedataoftheprobleminthediagram,twoother

thingsareimportant. First,thediagram shouldbelargeenoughtobeclearly

markedandlabelledwithoutcrowding.Oryouwillmisreadit.Somakediagrams

largeenough.MytopologyprofessoratUTAustin,Dr.Starbird,toldustomake

them bigenoughtocrawlinto. I'dsaythreenotebook-linestallisaminimum.

Second,itisextremelyimportantforthediagramsnottoconformtotheconclusion.

Letmeexplain.Ifyouareprovingsomethingisarighttriangle,donotdrawaright

triangle.Donotputyourconclusioninthediagramatall.Theothersideofthisis:

Donotrestrictthedata.Ifyourproblemsays"Foranytriangle..."andyoudrawan

equilateral,isosceles,orrighttriangle,thediagram willforcefalseimplicationson

you.

6.Proof

JoinAD,BE

∆ADC,ECB:EC=CDandBC=AC(con)∠ACE=∠ACB=∠BCD(1.1)

∴∠ACE+∠ACB=∠ACB+∠BCD(a.2)

∴∠ECB=∠ACD

∴∆ADC≡∆ECB(1.4)

∴ AD=BE

Sym.AD=CF

∴ AD=BE=CF(a.1)

Note

Watchforeveryinstancewhereyoucanproveorsolvesomethingsymmetrically

(Sym.).Thereisnovirtueinwritinganythingtwice.

7.Proof

∠ABC=∠ACB(hyp)

∴∠DBC=∠DCB(a.7)

∴ DB=DC(1.6)

∴∆DBC≡isos∆(1.5,d.1.24)

Note

I'msayingthisagaintooearlyinsteadoftoolate:Foreveryproblem,drawthe

diagram.Putallthedatainit.Use1,2,3,...tickmarksforequalthings,numbering

anglesandlinesseparately.Then,lookatthetarget(isos∆)andwritedown

everythingyouknowaboutitbelowthediagram.Inthisproblem,assoonasyou

wrotedownthefirstthingyouknewaboutthetarget(∠DBC=∠DCB),you'dbedone.

Later,everythingyouknowaboutthetargetwillnotbeenough.Butitwillhelp.
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8.Proof

Rhombus:eqS4-gonwithno∟ (d.1.33)

JoinBD(p.1)

∆ABD,CBD:AB=CDandAD=CD(1.1)BD=BD(a.1)

∴∆ABD≡∆CBD(1.8)∴ ∠A=∠C

Sym.∠B=∠D

Note

Istartedwiththedefinitionbothforclarityandtoremindyoutoalwayslookthese

upuntilyouknow them. Remembertouse"Sym."foridentical,symmetrical

argumentstosaveyourselfeffort.

9.Proof

JoinAC,BD.

∆ABD,CBD:BD=BD(a.1),AB=BCandAD=DC(con)

∴∆ABD≡∆CBD(1.8)∴∠BDA=∠BDC

∴BD×/2∠ADC(a.2)

Sym.BD×/2∠ABC

Sym.AC×/2∠BAD,∠BCD

Note

Let'smakesuresomethingisclear.Whenwetalkaboutanglebisectors(XY×/2∠X)

ormedians(XYmed∠X)oraltitudes(XYalt∠X),theconventionisthatXisonthe

triangleatthevertexof∠XandYisonthesideopposite∠X.Anytimethisisnot

true,thetextwillspellitout.

10.Proof

∆ABC,DBC:AB=DCandAC=BD(con),BC=BC(a.1)

∴∆ABC≡∆DBC(1.8)and∠ACB=∠DBC

∴∆EBC:∠ECB=∠EBC

∴∆EBC≡isos∆(1.5)

11.Proof

∆ADB,ADC:AD=AD(a.1)AB=ACandDB=DC(con)

∴∆ADB≡∆ADC(1.8)and∠ADB=∠ADC

∴ext∠ADC=ext∠ADB*

AD(pr)×BC@E

∆DBE,DCE:DE=DE(a.1)DB=DC(con)∠BDE=∠CDE*

∴∆DBE≡∆DCE(1.4)andBE=EC∴ AD(pr)×/2BC [notefollows]
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Note

Theasteriskshereshowthatthelatterclaim comesfrom theformerprovenline.

I'm holdingyourhandhereforabitbutwillstopsoon. Weusuallyputthe

importantconclusionsontheirownlinebeginningwith"∴".Thenthenextstepin

thechainstartsandleadstoitsfinal"∴". Veryoften,allthestepsarepulled

togetherinafinallinewithits"∴". Andthislastlinemayhavenoreference

becauseitistheresultofallthoseinternalsteps.Mostproblemsinthistextrequire

onlyasinglechainofreasoning.Atmost,two.

12.Proof

∠ACB+∠ACD=2∟ (con)

∠ACE=½∠ACB(con)

∠ACF=½∠ACD(con)

∴∠ACE+∠ACF=½∠BCD=∟ (a.2)

13.Proof

∠BCE=∠CBD(1.5)

∴∠CBG=∠BCF(1.9)

∴∆HBC≡isos∆andBH=CH(1.6)

∆ABG,ACF:AB=ACandAF=AG(con)∠A=∠A(a.1)

∴∆ABG≡∆ACFandBG=CF(1.4)

∴BG-BH=CF-CH(a.3)

∴FH=GH

14.Proof

∆AHF,AHG:AH=AH(a.1)AF=AG(con)FH=GH(#13)

∴∆AHF≡∆AHG(1.8)and∠HAF=∠HAG

∴AH×/2∠A

Note

Wewillreferencepriorresultsfrom problemsasherewith#13beingproblem 13.

Everyusefulresultfromaproblemsolvedisanothertoolinyourtoolbox.Useevery

resultyoucan.

15.Proof

AD×/2∠A∴ ∠BAD=½∠A(1.9) ∠B=½∠A(hyp)

∆DAB:∠ABD=∠BAD∴∆DAB≡isos∆(1.5)∴AD=BD(1.6)

Note

Here∠Areferstothelargest∠Aasopposedto∠BADor∠CAD.
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16.Solutions

1)Method

JoinST(p.1)

RmdptST(1.10)(or"bisectSTatR")

RP⊥STxAB@P(1.11)

Proof

∆PRS,PRT:PR=PR(a.1)SR=ST(con)∠SRP=∠TRP=∟ (1.11)

∴∆PRS≡∆PRTandPS=PT(1.4)

2)IfSorTonPRthenSP≠TPandsolutionnotpossible.

17.Method

PS⊥AB×AB@S(1.11)

PS(pr)toT:PS=ST(1.2)

(or"ProducePStoTsuchthatPS=ST")

RTQ×AB@Q.Qrequired

Proof

JoinQP.(p.1)

∆QST,QSP:QS=QS(a.1)PS=ST(con)∠QSP=∠QST(1.11)

∴∆QSP≡∆QSTand∠SQP=∠SQR(1.4)

∴QS∈AB×/2∠PQR

18.Proof

4opp∠=4∟ (1.15.C1)

opp∠ areequal(hyp)letthembe∠Pand∠Q

∴2∠P+2∠Q=4∟ (hyp)

∴∠P+∠Q=∟ (a.7)

∴oppsegmentsAED,BECarelines

19.Method

AP⊥BC(1.11)

Proof

∠ABC<∠APC=∟ (1.17)

∠ACB<∠APB=∟ (1.17)

∴∠ABC+∠ACB<2∟ (a.2)
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20.Proof

JoinAC(p.1)

∠ACD>∠DACand∠ACB>∠CAB(1.18)

∴∠ACD+∠ACB=∠C>∠A=∠DAC+∠CAB(a.2)

Sym.∠B>∠D

21.Proof

∠BDA>∠DAC(1.16)

∠DAC=∠DAB(hyp)

∴ BA>BD(1.19)

Sym.CA>CD

22.Proof

CD⊥AB,∀E∈AB.JoinCE.

1)∠CDE=∟ ∴ ∠CED<∟ (1.17)∴ CD<CE(1.19)

2)∀F∈AB:DF>DE.JoinCF.

∠CED>∠CFE(1.16)

∠CEF>∠CED(d.1.11)

∴∠CEF>∠CFE∴ CF>CE(1.19)

3)∀G∈AB:DG=DE.JoinCG

CG=CE(1.14)

∀H∈AB,H≠E,G,CH≠CE

Note

Here,asinsomeofEuclid'spropositions,theproofstartswithwhatsupportsthe

nextstepinthechain,whichinturnsupportsthenextstep.

23.Proof

JoinAC

∠ACD=∠ACB>∠AFC(1.16)

∠ACF>∟ ∴ ∠ACF>∠ACD(con)

∴ ∠ACF>∠AFC

∴ AF>AC(1.19)
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24.Proof

1)Pin∆ABC

PA+PB>AB(1.20)Sym.otherpairs>AC,BC

∴ 2∑P[ABC]>perimeter(a.4)

∴ ∑P[ABC]>½perimeter(a.7)

2)P∈AB.JoinPC

PA+PC>ACandPC+PB>BC(1.20)

PA+PB=AB(con)

∴ 2∑P[ABC]>perimeter(a.4)

∴ ∑P[ABC]>½perimeter(a.7)

3)Poutside∆

Samedemonstrationaspart1)

25.Proof

AB+ADorBC+CD>BD(1.20)

∴∑sides>2BDSym.∑sides>2AC(a.1)

∴2∑sides>2∑diagonals(a.1)

∴∑sides>∑diagonals(a.7)

26.Proof

1)∠ADB=∠ADC=∟

∟ >∠ABD,ACD(1.17)

∴AB>ADandAC>AD(1.19)

∴ AB+AC>2AD(a.2)

2)∠ADB=∠ABD

∴AB=AD(1.6)

∠ADC>∠ACD(1.13)∴ AC>AD

∴ AB+AC>2AD(a.2)

3)∠ADB<∠ABD

AD(pr)toE:DE=DA.JoinBG

∆ADC,EDB:AD=DEandBD=DC(con)∠D=∠D(1.15)

∴BE=AC(1.4)∴AB+BE>AE(1.20)

BE=ACandAE=2AD

∴ AB+AC>2AD(a.2)[notesfollow]

[notefollows]
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Note

JoinCEhereandABCD≡‖gm. Parallelogramsmaketheirfullappearancein

proposition1.34. Andthenalloftheirpropertiescanbeusedtosolvetriangle

problems.Inotherwords,given∆ABC,we‖gmizeitinto‖gm ABCDandreapthe

benefits.Keepthisinmind.

27.Proof

Let∠A=∠B+∠C

Copy∠Cto∠CAD:AD×BC@D(1.23)

∴∠DAB=∠A-∠C=∠B(con)

∴∆DAC:∠A=∠C

∴∆DAC≡isos∆(1.6)

∴∆DAB:∠A=∠B

∴∆DAB≡isos∆(1.6)

28.Proof

ADmed∠A

∴∆ADB,ADC≡isos∆(#27)

∴AD=DBandAD=DC(1.6)

AD+DC=BC∴ BC=2AD

29.Method

Copy∠BtoB∈AB(1.23)

CopyCDtoB@∠B(1.2)

JoinDA.(p.1)

Copy∠ADEto∠DAE@A(1.23)

∆EABrequired

Proof

∆EDA:∠D=∠A(con)

∴ AE=ED(1.6)

andDE+EC=DC(a.2)

(Andyes,thehintwaspartofthesolution.)

30.Proof

∆ADB,ADE:AD=AD(a.1)∠DAB=∠DAE=½∠A(con)

∠ADB=∠ADE=∟ (con)∴∆ADB≡∆ADEandBD=BE(1.26)
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31.Proof

AD×/2∠A,PQ,PR⊥AB,AC

∆PRA,PQA:∠PAQ=∠PAR

∠PQA=∠ PRA=∟ (con)

PA=PA(a.1)

∴∆PRA≡∆PQA(1.26)andPQ=PR

32.Proof

Inproblem30,letGH=ADandtheresultfollows.

Note

Maketheefforttoseehowthetwoproblemsaresymmetrical.

33.MethodandProof

Usinganalysis,fromPdrawPEF:AE=AF

Then∆AEF≡isos∆

AD×/2∠A(1.9)

PEF⊥AD×AD@D(1.12)

∆ADE,ADF:AD=AD(a.1)

∠ADE=∠ADF=∟

and∠DAE=∠DAF(con)

∴∆ADE≡∆ADFandAE=AF(1.26)

Note

Inanalysis,drawthediagram.Thenaddthesolution,From thereyoucanreason

yourwayfrombothends.

34.Method

JoinQR(p.1)

QR×/2@O(1.10)

JoinOP.OP(pr)required

Proof

AddQS⊥OP@S,RT⊥OT(OPTorOTP)

∆OQS,ORT:∠S=∠T=∟ andQO=OR(con)

∠TOR=∠SOQ(1.15)

∴∆OQS≡∆ORTandRT=QS(1.26)
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35.Proof

Let∆ABC,DEFbesimilarlyoriented.

ProduceCDtoG:CB=BG.JoinAG.

∆ABG,DEF:∠ABG=∟ (1.13)

∴∠ABG=∠DEF

AB=DEandBG=EF(con)

∴∆ABG≡∆DEFandAG=DF(1.26)

AC=DF(hyp)

∴ AG=ACand∠ACG=∠AGC(1.6)

∴∆ABG≡∆ABC(1.26)

∴∆ABC=∆DEF(a.1)

36.Proof

B‖D∴ ∠(AwithB)=∠(AwithD)(1.29)

A‖C∴ ∠(DwithA)=∠(DwithC)(1.29)

∴ ∠(AwithB)=∠(CwithD)

Note

Often,ifyoucanriseupastepinabstraction,theproofsbecomeshorterand

simpler.

37.Proof

isos∆ABCandDE‖BC

IfDE!×AB,AC,produceAB,AC×DE@D,E

DE‖BC∴∠BDE=∠ABC(1.29)

Sym.∠CED=∠ACB

∠ABC=∠ACB(1.4)∴ ∠CED=∠BDE(a.1)

38.Proof

BA(pr)toD.AE×/2ext∠A(∠DAC)

AssumeAE‖BC

∠DAE=∠ABCand∠EAC=∠ACB(1.29)

∠DAE=∠EAC(1.9)∴ ∠ABC=∠ACB

∴∆ABC≡isos∆
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39.Proof

∀H∈AB,joinHGL(L∈CD)thenHL⋅|⋅(AB,CD)

∆EGH,FGL:EG=GF(con)∠G=∠G(1.15)∠GEH=∠GFL(1.29)

∴∆EGH≡∆FGLandfor∀H:GH=GL

40.Proof

CPD,EPFC,E∈AC,D,F∈BD

∆PFD,PEC:CP=PDandEP=PF(#39)∠CPE=∠DPF(1.15)

∴∆PFD≡∆PECandFD=EC(1.4)

41.Proof

∆EAD,FAD:AD=AD(a.1)∠FAD=∠ADEand∠EAD=∠ADF(1.29)

∠FAD=∠EAD(con)∴∠EDA=∠FDA

∴∆EAD≡∆FADandDE=DF(1.26)

42.Proof

EF‖BC∴ ∠BCE=∠CEF(1.29)

∠BCE=∠ECF(con)∴ ∠FEC=∠FCE

∴∆FEC≡isos∆ andEF=FC(1.6)

Sym.∠FCG=∠FGC

∴∆FCG≡isos∆andFC=FG

∴ EF=FG(a.1)

43.Method

BE×/2∠B×AC@E

ED⊥ACxAB@D

Drequired

Proof

∠EBC=∠DEB(1.29)

∠EBC=∠DBE(con)

∴∠DEB=∠DBE(a.1)

∴∆DBE≡isos∆(1.6)

∴DB=DE(1.6)
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44.Proof

GAH⊥BC×BC@G

∴∠DEB=∠AEFand∠CAG=∠FAH(1.15)

∠CAG=∠BAG(con)

∴∠BAG=∠AEFand∠FAH=∠AFE(1.29)

∴∠AFE=∠AEF(a.1)

∴∆AEF≡isos∆(1.6)

45.Method

AF‖CD(1.31)

Copy∠EtoA(1.23)

Produce∠EtoB∈CD

Brequired

Proof

∠ABC=∠FAB(1.29)=∠EandB∈CD(con)

46.Method

BE×/2∠B(1.9)×AC@E

ED‖BC×AB@D

D,Erequired

Proof

∆DBE≡isos∆(#42)∴DE=DB

Sym.(using×/2∠C)DE=EC

47.Proof

∆ABC:1)∠A=∠B+∠C

∴2∟ =∠A+∠B+∠C=2∠A(1.32,a.2)

∴∠A=∟ (a.3)

2)∠A>∠B+∠C

∴2∟ =∠A+∠B+∠C=∟ +(∠A-∟)+∠B+∠C

∴∠A>∟ (obtuse)

3)Sym.if∠A<∠B+∠Cthen∠Aacute
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48.Method

∀line,constructeqS∆(1.1)

Construct∟ (1.11)

Copy∀∠ ofeqS∆into∟ (1.23)

Bisectresult.Bisectionrequired

Proof

∠ ofeqS∆=2/3∟ (1.32)

Bisected=1/3∟ (a.3)

49.Method

∀BCconstructeqS∆ABC(1.1)

Let×/2∠A=∠E(1.9)

∀EF,copy∠EtoE,F(1.23)

∠E×∠F@Dand∆DEFrequired

Proof

eqS∆,∀∠ =2/3∟ (1.1,1.32)

∴ ∠E,F=1/32∟ (1.9,a.3)

∴ ∠D=2∟ -2/3∠ =6/3∟ -2/3∟ =4/3∟ =4∠E,F

50.Method/Proof(analysis)

½apex=∠D

∴∠A+∠B+∠C=8∠D=2∟ (1.32,a.2)

∴∠D=1/4∟ (a.3)

Construct∟ (1.11)and×/2for∠E=½∟ (1.9)

∀AB,copy∠EtoA,B(1.23)

Copy×/2∠E=∠D(1.9)onto∠E@A,B(1.9,1.23)

∠A×∠B@Fand∆FABrequired

Then∠A=∠B=3∠Dand∠F=2∠D

51.Proof

∆ABC,ACD≡isos∆(con,1.6)

∴∠DCB=∠ACB+∠ACD(1.32)

∠ACB=∠Band∠ACD=∠ADC(1.5)

∴2∟ =∠DCB+∠B+∠D(1.32)

∴2∟ =2∠DCB(a.2)∴∟ =∠DCBand∆DCB≡⊿
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52.Proof

AF×/2∠A∴∆BAF≡∆CAF(1.4)∴∠AFB=∟

∆BAF,BCE:∠ABF=∠EBC(a.1)∠AFB=∠CEB=∟ (con)

∴∠BAF=∠BCE=½∠A(1.32)

Sym.∠CAF=∠CBD=½∠A

∴∠CBD+∠ECB=∠A

53.Proof

∠B=∠C(con)

∴ ∠DBC+∠ECB=∠B,C(con,a.2)

∴∠BFC=2∟ -∠B(1.32)

∴∠BFC=ext∠B,C

54.Method

∀EF,constructeqS∆DEF(1.1)

ConstructlineonP‖A(1.31)

Copy∠DtoP(1.23)awayfromQ

ProducePon∠DtoR∈A

Sym.createQS

RP×SQ@Tand∆TRSrequired

Proof

∠D=∠PRS=∠QSR(1.29,con)

∴∠D=∠RTS(1.32)

55.Method

CopyDEtoAB(1.2)and×/2∠F(1.9)

Copy½∠FtoE(1.23)

∠AEQ(pr)×AC@Q(p.1)

Copy½∠Fto∠EQP

PQrequired

Proof

∆PQE:∠Q=2∟-∠F(1.32),∠E,Q=½∠F

∴∆PQE≡isos∆andPQ=PE(1.6)

∠EPQ=2∟-∠F

∴∠APQ=∠F
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56.Proof

∠BCD=½(∠A+∠B)(1.32)

∠CBD=½(∠A+∠C)

∴∠D=2∟-∠A-½(∠B+∠C)(1.32)

∠B+∠C=2∟-∠A(1.32)

∴∠D=2∟ -∠A-∟ +½∠A(a.3)

∴∠D=∟-½∠A(a.1)

∴∠D+½∠A=∟ (a.2)

57.Proof

BE×CD@F

∆FBC≡isos∆#1(con)

∆FCE:∠BCE=2∟-3∠BCD(1.13),∠CDE=∠BCD(con)

∴∠CEB=2∠BCD(1.32)

∠DFE=2∟-2∠BCD(1.32)

∴∠EFD=2∠BCD(1.32)

∴∠CEB=∠BCD

∴∆CFE≡isos∆#2(1.6)

Sym.∆BFD≡isos∆#3

Note

Inmydiagram,∆BEAlooksmoreisosthan∆CFE.Donotrelyonortrytojustify

visualjudgment.Relyontherelationsofthediagramandoncorrectalgebraforthe

angles.

58.Proof

Copy∠BtoA×BC@D(1.23)

∠A=∟ ∴ ∠A=∠B+∠C(1.32)

∴∠DAB=∠A-∠B=∠Cand∠B=∠BAD

∴∆DAB≡isos∆andBD=AD(1.6)

Sym.∆DAC≡isos∆andDC=AD

∴BD=DCandAD=½BC

Note

Thistheoremisextremelyuseful.

59.Proof

DF=½AB(#58)EF=½AB(#58)∴DF=EF(a.1)
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60.Proof

×/2AB@F.JoinCF,DE(1.10,p.1),CF×DE@G

∆FEG,FDG:FE=FD(#59)FG=FG(a.1)∠FGE=∠FGD(con)

∴∆FEG≡∆FDGandDG=GE

61.Proof

∆BCD,CBE:∠BCD=∠CBEand∠DBC=∠ECB(con)BC=BC(a.1)

∴∆BCD≡∆CBEandCD=BE(1.26)

∴ AD=AE(a.3)

∴∠ADE=∠AED(1.6)

∠ABC=∠ACB(con)

∴∠AEB=∠ABC(1.32)

∴DE‖BC(1.28)

62.Proof

AB×CD@E

∠ABD=∠CDB(hyp)∴EB=ED(1.5)

∴EA=ECand∠EAC=∠ECA(a.2,1.6)

∴∠EBD+∠EDB=∠EAC+∠ECA(1.32)

∴∠EBD=∠EAC(a.1)∴ AC‖BD(1.28)

Note

Anothercaseofrelyingonlogicwithaninaccuratediagram.Ican'tseeanyisos∆in

mydiagram.

63.Method

LetAD=∑sides ProduceDE:∠ADE=½∟ (1.9,11,23)

⊙A,hypotenuse×DE@B

BC⊥AD(1.11)∆ABCrequired

Proof

∠ACB=∟ (con)

AB=hypotenuse(con)

∠BCD=∟ and∠CDB=½∟

∴ ∠CBD=½∟ (1.32)

∴CB=CDandCB+CA=∑sides

Note

MinimumhypotenusemustbeAB⊥DE.
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64.Method

AD=~(sides)(differenceofsides)

ProduceDE:∠ADE=½∟ (1.9,11,23)

⊙A,hypotenuse×DE@B

BC⊥DA(pr)

∆ABCrequired

Proof

∠ACB=∟ andBA=hypotenuse(con)

∠ACB=∟ and∠D=½∟

∴ ∠CBD=½∟ (1.32)

∴BC=CD(1.6)andAD=BC-AC

Note

Hypotenusemustbebiggerthan~(sides).

IreallyenjoyEuclidconstructionproblems.ButIrarelysolvethem.

Theyareharderthantheoremsbecausetheyincludenodiagram.

You'relefttostareintothedarknessasyougropeaboutforaplace

tostart.Theyalsorequiremoremasteryofthepropositionsinthe

waythatfineworkrequiresmoremasteryofone'stools.Inthese

lasttwo,theuseofacircleisalmoststartling. Donotbe

discouragedifyoucan'tsolvethem.Almostnoonecansolvevery

manyofthese.Justtryhardandthengostudythesolutionbefore

yourheadexplodes.

65.Method

DmdptAB(1.9)

DE⊥AB:DE=altitude(1.11)

FEG‖AB(1.31)

⊙D,DE×FG@C

∆CABrequired

Proof

∠ACD=∠CADand∠BCD=∠CBD(1.5)

∴∠ACB=∠CAB+∠CBA(a.2)

∴∠ACB=∟ (1.32)andCH⊥AB=DE=altitude
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66.Method

∠LDE=½∠ABC(1.9,23)

∠MED=½∠ACB(1.9,23)

DL×EM@F

∠DFG=∠FDE×DE@G(1.23)

∠EFH=∠FED×DE@H(1.23)

∆FGHrequired

Proof

FG=DG,FH=HE(1.6)

∴ perimeter∆FGH=DE

∠FGH=∠FDG+∠DFG(1.32)=2∠FDG=∠ABC

Sym.∠FHG=∠ACB

∴∆ABC,FGHeq∠ (1.32)

Tofollowtheproofs,itbecomesnecessarytobuildthemasyougo.Andthereisno

pointinreadingthemifyoucannotrealizetheimportanceofeachstep.Makethe

effort.

67.Method

GK⊥GH:GFinside∠HGK(1.11)

DL:∠EDL=½∠FGH(1.9)

EM:∠DEM=½∠FGK(1.9)

DL×EM@C

∠DCA=∠CDEand∠ECB=∠DEC(1.23)

∆ABCrequired

Proof

∠CAB=∠ACD+∠ADC=∠FGH(1.32)

Sym.∠CBA=∠FGK

∴∠A+∠B=∟ =∠C(con,1.32)

AC=ADandCB=CE(con)

∴AC+AB+BC=perimeter(a.2)
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68.Method

QPR⊥AB×AB,CD@Q,R(1.11)

CopyPRtoQSB,PQtoRTD(1.3)

PS,PTrequired

Proof

∆SQP≡∆PRT(1.4)

∴PS=PT,∠RPT=∠QSP

∴∠RPT+∠RTP=∟ (1.32)

∴∠RTP+∠QSP=∟ (a.1)

∴∠SPT=∟ (1.13)andPS⊥PT

Note

IfP!⋅|⋅(AB,CD)thenQSoppositesideofRTworks.

69.Method

AD∈ AC:AD=AP

JoinDP

ADQ:DQ=DP

∴∠APQ=3∠AQP

Proof

DP=DQ

∴ ∠DPQ=∠DQP(1.5)

∠ADP=∠DPQ+∠DQP(1.32)

∴∠ADP=2∠DQP(1.13,32)

∴∠APD=2∠DQP(1.5)

∴∠APD+∠DPQ=∠APQ=3∠AQP(a.2)

70.Theorem

∆ACD,EBD:AD=DEandCD=DB(con)∠D=∠D(1.15)

∴∆ACD≡∆EBDand∠C=∠DBE(1.4)

Sym.∠A=∠FBG

∴∠FBG+∠B+∠DBE=∠A+∠B+∠C=2∟ (1.32)

∴GBEcolinear
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71.Method(eqS∆)

eqS∆CAB(1.1)

×/2∠A××/2∠B@D(1.9)

DE,DF‖CA,CB×AB@E,F(1.31)

AE=EF=FB

Proof

∠EDA=∠DAC(1.29)and∠DAE=∠DAC(con)

∴∠EDA=∠EAD(a.1)∴ AD=DE(1.5)

Sym.DF=FB

∠DEF=∠CABand∠DFE=∠CBA(1.29)

∴∠EDF=∠ACB(1.32)∴∆DEF≡eq∠∆∴ eqS∆(1.6)

∴ DE=EF=FD∴ AE=EF=FB

Method/Proof(isos∆)

Bisect∟ twiceandcopy1/4∟ toA,B

Then∠Cis3/2∟.Trisect∠Cwith½∟.

Thenyouhavetwooverlapping⊿s.

Theirmedianstrisectthebase.

Supplyyourownreferencestosupportingpropositions.

72.Proof

JoinCB

∠AEC=∠B+∠D(1.32)=∠DEB(1.15)

∴∠ECB+∠EBC=½(∠AEC+∠DEB)(con)

∴∠ECF+∠EBF=½(∠ECA+∠EBD)(con)

∴∠ECB+∠EBC+∠ECF+∠EBF=½(∠AEC+∠DEB+∠ECA+∠EBD)

∴ (2∟ -LHS)=∠CFBand(2∟ -RHS)=½(∠EAC+∠EDB)

Note

LHS,RHSare"left-handside,""right-handside"ofanyequation.

73.Solution

∑int∠ +4∟ =n2∟ (1.32.C1)

8-gonhas8sides,8angles.

∴ 8∠ +4∟ =16∟ ∴ 8∠ =12∟

∴ ∠ =12/8∟=3/2∟
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74.Proof

JoinBD

∆BCD,BDE,BEC:

BD=BE=BC=radius⊙B

∠CBA=2/3∟ (1.32)∴ ∠CBE=4/3∟ (1.13)

Sym.∠DBE,DBC=4/3∟

∴∆BCD≡∆BDE≡∆BEC(1.4)

∴∠C=∠D=∠E(a.2)and∆CDE≡eqS∆

75.Proof

4-gonABCD:AD=BC,AB=CD

JoinBD(p1)

∆ABD≡∆CBD(1.8)

∴∠BDA=∠DBC∴ AD‖BC(1.27)

Sym.AB‖CD∴ 4-gon≡‖gm(1.34)

76.Proof

4-gonABCD:∠A=∠C,∠B=∠D

∴∠A+∠B=∠C+∠D(a.2)

∠A+∠B+∠C+∠D=4∟ (1.32.C1)

∴∠A+∠B=2∟ (a.3)∴ AD‖BC(1.28)

Sym.AB‖CD∴4-gon≡‖gm(1.34)

77.Proof

AC×BD@E

∆EAD,ECB:AD=BC(con)∠E=∠E(1.15)∠EBC=∠EDA(1.29)

∴∆EAD≡∆ECBandAE=EC(1.26)Sym.BE=ED.

∴AC,BD×/2e.o.

78.Proof

AC,BD×/2e.o.@E(hyp)

Join4verticestocreate4-gon

Thenopp∆sareequivalent(1.26)∴oppsidesand∠sequal

andoppsides‖byequalangles(1.27)

∴4-gon≡‖gm(1.34)
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Youareperfectlyjustifiedinabbreviatingwhathasalreadybeenestablished.Your

onlyrealconcernsareclarityandcorrectness.

79.Proof

‖gmABCD:BD×/2∠B,D(hyp)and∠B=∠D(1.34)

∠A=∠C(1.34)

∴∆ADB,CBDisos∆onsamebase(1.6,24)

∴Allsidesareequal.(1.8)

Note

Idon'tknowthat1.24isnecessary.ButTodhuntercitesit.

80.Proof

4-gonABCD:AD‖BC,AB=CD

AE,DF⊥AD×BC@E,F(1.11)∴AE=DF,AD=DF(1.33)AB=CD(hyp)

∴∠ABE=∠DCFand∠EAB=∠FDC(1.26)

squareADEF:∠A,D,E,F=∟ (1.29)

∴∠ABC+∠ADC=∟ -∠EAB+∟ +∠FDC(a.2,3,1.34)

∠EAB=∠FDC∴∠ABC+∠ADC=2∟

Sym.∠BAD+∠BCD=2∟

Note

Line5:Ifwe‖gmize∆FDCinto‖gmFDGC,then∠FCG=∟

∠FCD=∟FCG-∠DCF.Butby1.34∠DCF=∠FDCand∠FCG=∠EFD

81.Proof

‖gmize∆ABCinto‖gmABCD∴ AC,BD×/2e.o.(1.34)

∀CE,E∈AB:EF‖BC×CD@F(1.31)JoinBF

BF×AC@G∴ EC,BF×/2e.o.in‖gmEFCB(1.34)

But∀BF:BG<BF(a.8)

82.Method

∀E∈AB,⊙E,L×CD@F(d.1.15)JoinEF.

PH‖EF×AB,CD@G,H PHrequired

Proof

EGHF≡‖gm(con,d.1.30)

∴GH=EF=∟
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83.Proof

‖gmABCD:×/2∠A××/2∠B@E

∠EAB+∠EBA=½(∠DAB+∠ABC)(con)

∠DAB+∠ABC=2∟ (1.29)

∴∠EAB+∠EBA=∟ (a.7)

∴∠E=∟ (1.32)

84.Proof

‖gmABCD:produceDA,BC

AE×/2∠A×BC(pr)@E,CF×/2∠C×DA@F

∠A=∠C(1.34)∴ ∠EAD=∠FCB(1.7)

AD‖BC∴ AE‖CF(1.29)

IfABCD≡rectangle(rect∟)thenAC×/2∠A,C

∴AE,CFwouldcoincide.

Note

Itisperfectlylegitimateforthelasttwolinestomerely"statethecase"solongas

thecaseisclear.

85.Proof

‖gmABCD:AC=BDandAC×BD@E

‖gmself-bisectedbydiagonals(1.34)

ButAC=BD∴ AE=EC=BE=ED(hyp,a.7)

∴∀4internal∆гisos∆(d.1.24)

∴∀8internal∠ equal(1.5)

∴∀4‖gm∠ equal(a.6)

Note

Hereagain,wecansimplystatethecasewithoutprovingequaltrianglesindetail--

becausetheyareobvious,solongasyoucorrectlyunderstand"∀"as"all."

86.1)Method

AE,CF⊥ AB,CDequaltoL,M(1.11,3)

EG,FH‖AB,CD(1.31)

EG×FH@Prequired

Proof

PerpendicularsfromPequalAE,GF(con)

TheseequalL,M(1.34) [cont'd]
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2)Numberofsuchpoints

IfAB×CD,therearetwosuchpoints,oneeithersideofintersection.

IfAB‖CD,therearenone,unlessthedistancebetweenAB,CD=

L+Mandthenthereareinfinitelymanysuchpoints.

87.Method

∀G∈CD,produceGH‖FtowardsAB(1.31)

OnGKHmakeGK=E(1.3)

KL‖CD×AB@L(1.31)

LM‖GKrequired

Proof

KLMG≡‖gmandGK‖F(con)∴LM‖F(1.34)

GK=E∴ LM=E(1.34)

88.Proof

∆ABC,EBF:AB=EB,BC=BF,and∠FBC=∠ABE=2/3∟ (con)

∴∠ABF+∠FBC=∠ABF+∠ABE(a.2)

∴∠ABC=∠EBF

∴∆ABC≡∆EBFandEF=AC(1.4)

Sym.GF=BD

Note

Diagramsshouldbemostlywhitespace:linesandlabelsdominatedbyemptiness.

Andthemoreintricatediagramsare,thelargerandmoreaccuratetheyneedtobe.

Thereisnopointinrushingthecreationofadiagraminaproblemthatwillrequire

amorethanusuallypatienteffortinyoursolution.Youwanttoexpressthesame

patientthoughtfulnessthroughout.

89.Proof

GEH‖AB×AD,BE,CF@G,E,H

∆EGD,EFH:∠E=∠E(1.15)∠G=∠H(con)

ABEG,BCHE≡‖gm∴GE=AB=BC=EH(con,1.34)

∴∆EGD≡∆EFHandDG=FH(1.26)

∴AD=BE+GDandCF=BE-FH∴ AD+CF=2BE

Note

Thistheorem isstupidlyuseful.Justasyouwatchforpotentialisos∆,keepyour

eyesopenforthispatternofalinepivotingfromitsmdpt,makingequal∆s.
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90.Proof

AC×BD@P∴PmdptAC,BD(1.34)

PQ⊥EF(1.12)

∴ ⊥onB+⊥onD=2PQ=⊥onA+⊥onC(#89)

91.Proof

Considertheextremecases.Iftheangleiszero,thediagonaland

sidescoincideandequal½(∑(oppsides)).Iftheangleis2∟,the

diagonaliszero.∴Astheangleincreasesfromzeroto2∟,the

diagonaldiminishesfrom½(∑(oppsides))tozero.

Note

ThisisnotaEuclideanproof.WithEuclid,youcouldshowthatthehypothesisis

truefortwostatic‖gmsinaEuclideanway.Butthatdoesnothandletheextreme

cases.

92.Proof

∀6-gonABCDEF:diagsAD,BE,CF

Consider∀2diags:AD,CF.JoinAC,FD.

AF=CDandAF‖CD(hyp)∴ AC=DFandAC‖DF(1.33)

∴AFDC≡‖gm(d.1.30)andAD,CF×/2e.o.@G

Sym.AD,BE×/2e.o.@G

GmdptAD∴GmdptBE

∴Alldiagonalsconcur@G

Note

Bynow,youshouldberecognizingtheuseoftransitiverelations.Thesimplestisif

A=BandB=CthenA=C.ThatlastproofusesbisectionatGinthesameway.Note

alsothatyoucanusuallygetthemiddlebitofsuchproofsusingsymmetry.

93.Method

DE‖AB×AC@E(1.31)

F∈EC:EF=AE(1.3)

FDG×AB@Grequired

Proof

EH‖FG×AB@H

∆AEH,EFD:AE=EF(con)∠AEH=∠EFDand∠EAH=∠FED(1.29)

∴EH=FD(1.26)andEH=DG(1.34)∴FD=DG
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94.Proof

GK‖AD×DF@K

ED=GK,ED‖BF∴ EB=DF,EB‖DF(1.33)

∴EGKD≡‖gmandGK=ED∴ GK=AE(hyp)

∆AEG,GKH:AE=GK(proven)

∠EAG=∠KGHand∠EGA=∠KHG(1.29)

∴ AG=GH(1.26)Sym.CH=GH∴ BE,DF×/3AC

95.Proof

EmdptCD.ProduceBC.FEG‖ABxAD,BC@F,G(1.31)

∆FED=∆CEG(#89)∴‖gmABGF=4-gonABCD

96.Proof

AG‖BCtowardC(1.31)

FEG‖AB×BC,AG@F,G(1.31)

∴ABFG≡‖gmandDE×/2ABFG(con)

ADEG≡‖gmandAE×/2ADEG(1.34)

∴∆ADE=1/4‖gmABFG

∆ADE,EFC:∠E=∠E(1.15)AE=ECandGE=EF(con)

∴∆ADE≡∆EFC(1.4)∴∆ADE=1/4∆ABC

97.Method

RhombusABCD,PmdptAB

AddCQ=AP(1.3)JoinAC,PQ.AC×PQ@R

SRT⊥AD×AD,BC@S,T

RhombusPSQTrequired

Proof

∆APR,CQR:AP=CQ(con)∠ARP=∠CRQ(1.15)∠RAP=∠RCQ(1.29)

∴PR=QRandAR=CR(1.26)

∆PRS,QRS:PR=QRRS=RS∠PRS=∠QRS=∟ ∴PS=QS(1.4)

∆CRT,ARS:AR=CR ∠ARS=∠CRT(1.15)∠ASR =∠CTR (1.29)

∴RS=RT(1.26)

∆SRP,TRP:RS=RTRP=RP∠SRP=∠TRP=∟ ∴SP=TP(1.4)

Sym.TQ=SQ=TP∴PSQT≡rhombus

[notefollows]
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Note

Youwillnoticethattheasteriskedproblemsrequiremorethanonechainofproof.

98.Proof

JoinBD

∆BCG=∆BDG(1.37)

∆BDG=∆BFD+∆BFG=∆BFA+∆BFG(1.37)

∆BCG=∆CFG+∆BFG

∴∆BFA=∆CFG

Note

Whenyouneedequalityofareas,1.37isoftenapplicable.Lookforwheretoadd

thelinelikeBD

99.Method

JoinAD CE‖AD×AB@E

∆EBDrequired

Proof

∆ECD=∆ECA(1.37)

∴∆EBC+∆ECD=∆AEC+∆EBC(a.2)∴∆EBD=∆ABC

100.Method

JoinAD CE‖AD×BA(pr)@E

JoinDE∆DEBrequired

Proof

∆ABC=∆ABD+∆DAC

∆DEB=∆ABD+∆DAE

∆DAE=∆DAC(1.37)∴∆ABC=∆DEB

101.Method

JoinP[AB]CE,DF‖BP,AP

EPF‖ABxCE,DF@E,F

4-gonABEFrequired

Proof

∆PEB=∆PCBand∆PFA=∆PDA(1.37)∴ABCD=ABEF

Note

Whenyouaddthefirsttwo‖lines,youknowtherewillbeanEandF.Thenextline

definesE,F.
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102.Method

JoinP[AB]

CM,DN‖PB,PA×AB(pr)@M,N

∆PMNrequired

Proof

∆PBC=∆PBMand∆PAD=∆PAN(1.37)∴∆PMN=ABCD

103.Method

OmdptAC DE‖AC(1.31)OE⊥AC×DE@E

EO(pr)toF:EO=OF RhombusAFCErequired

Proof

∆ACD=∆ACEand∆ACF=∆ACB(1.37)

All4∆sequivalentbyAC⊥EF=∟,AO=OC,EO=OF(1.26)

∴ AF=FC=CE=EA∴ AFCE≡rhombus

104.Problem

AC(pr)×MN@D JoinBD

CE‖BD×BA(pr)@E

∆AEDrequired

Proof

∆CED=∆CEB(1.37)

∴∆CED-∆CEA=∆CEB-∆CEA(a.3)

∴∆AED=∆ABC

105.Proof

∆BDCand∆ABE=½∆ABC(1.38)∴∆BDC=∆ABE

∴∆BDC-∆DFB=∆ABE-∆DFB(a.3)

∴∆BFC=4-gonADFE

106.Proof

CA(pr)toG:CA=AG JoinBG

∆ABG,DEF:AB=DE(hyp)AG=AC=DF(con)

∠GAB=2∟ -∠BAC=∠EDF∴∆ABG≡∆DEF(1.4)

AG=ACand∆ABC,ABGshareapexB∴∆ABC=∆ABG(1.38)

∴∆ABC=∆DEF(a.1)
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107.Proof

‖gmABCD:AC×BD@E FDG‖AC

Thenopp∆equivalent(1.4or1.8)

Andadj∆equal(1.38)

∴All4∆sequal

Note

Weusetwopairsopp∆s:(EAB,ECD)(EAD,EBC)Symforadj∆.

108.Proof

AC×BD@O

ECF,GAH‖BD

∆AOD=∆COD(#107)∴∆AOP=∆COP(1.38)

∴∆AOD-∆AOP=∆COD-∆COP(a.3)

∴∆PAD=∆PCD

109.Proof

4-gonABCD:AC×BD@E

Takeanyof4int∆of4-gon,sayDEC.

AddEDF,ECG:ED=DF,EC=CG

JoinFGand‖gmize∆EFGtoEFGH

∆ECF=∆FCG(#107)∆EDC=∆FDC(1.38)

∴∆EDC=1/4∆FEG(#96)

Sym.∀int∆sof4-gon=1/4constructed∆

Andall4constructed∆sareequal(1.38)∴∆=4-gon

110.Method

DmdptBC JoinD[AP]

AE‖DP×BC@EandEPrequired

Proof

∆PAD=∆PED(1.37)

∆PDC+∆PAD=∆PED+∆PDC(a.2)∴∆PCE=∆ACD

BD=DC∴∆ACD=½∆ABC(1.38)

∴∆PCE=½∆ABCandPE×/2∆ABC

Note

My"nearerAthanC"ensuredthisvariantofthesolution.Howwouldthemethod

changeifPwerenearerC?OrifPmdptC?
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111.Method

JoinAC,BD EmdptBD JoinE[AC]

EG‖AC×BC@G

AGrequired

Proof

∆AEC=∆AGC(1.37)

∆ABC+∆AEC=∆AGC+∆ABC

∴ABCE=ABCG

∆ABE,CBE=½∆ABD,CBD(1.38)

∴ABCE=ABCG=½ABCD

Note

Ifalt∠B>alt∠DthenEGisaboveACandADCE=ADCG.Ifaltitudesequal,4-gon

bisectedbyAC.

112.Proof

JoinCB

∆AEC=∆BED(1.37,a.3)∴∆CEB+∆AEC=∆BED+∆CEB(a.2)

∴∆ACB=∆DCBandbothonCB∴ AD‖CB(1.39)

113.Proof

OnBC,∆ABCover∆DBC JoinAD BC×AD@G

‖gmize∆BADto‖gmAGDEBF

∆ABC=∆DBC(hyp)∴ ‖sBC,FA=‖sBC,DE(1.40,con)

∴BG×/2‖gmADEF∴ AG=GD

Note

Clearly,thereareotherwaystoshowthisresult,suchasproving∆ABG=∆DBG.

114.Proof

∆BEC=½‖gmABCD(1.41)∴∆BEC=FEDC(hyp)

∴∆BEC-∆FEC=FEDC-∆FEC(a.3)

∴∆EBF=∆CED

115.Proof

FEG‖AB×AD,BC@F,G

ABCD=‖gmABGF(#95)

∴∆AEB=½ABGF(1.41)=½ABCD
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116.Proof

‖gmABCD,O,G,HmdptBD,AD,BC JoinGH

∀E∈AD,EOF×BC@F

∆DOG=∆BOH∴∆DOE+∆EOG=∆BOF+∆FOH(#95,a.2)

∴EFCD=∆DBC∴EFCD=½ABCD(1.34,41)

117.Method

AC×BD@O

POproducedtosidesrequired

Proof

∀lineonO×/2‖gm(#116)

118.Proof

‖gmize∆ABCto‖gmADCBE,FmdptAB,AC

AC×BD@F(1.34)EF×DC@G

∴EG×/2‖gm(#116)

EmdptAB∴ GmdptDC(#89)

∴ EF‖BC

119.Proof

∆ABC:D,EmdptAB,AC.

‖gmize∆ABCto‖gmAFCB

DE(pr)×CF@G∴DE=EG(#116)=½DG

DE‖BC(#118)∴ DE=½BC

120.Proof

JoinAD

EG,FH‖AD(#118)

∴EG,FH=½AD(#119)∴EG=FH

121.Proof

4-gonABCD:E,F,G,HmdptAB,BC,CD,DA

EF,GH‖ACandEH,FG‖BD(#118)∴EFGH≡‖gm
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122.Method

AddlinesonD,E,F‖EF,DF,DE

∴linesareADB,AEC,BFC

∆ABCrequired

Proof

‖gmDEFB,DECF:∆DEF=½each‖gm(1.34)

D,EmdptsAB,ACandDE=½BC(#119)andDE‖BC(#118)

Sym.forotherpairsofsides

123.Proof

1)EF×AD@G≡mdptADandAD⊥ EF(con,#118)

∴∆AEG=∆DEGand∆AFG=∆DFG(1.4)∴∠BAC=∠FDE

2)∆AEF=1/4∆ABC(#96)

∴AFDE=2∆AEF=½∆ABC

124.Proof

DE×/2‖gmAEFDandBC(1.34,con)

∆EDA:BK‖AD(con)

∴∆EBK=1/4∆EAD(#96)

∆EBK,DCK:BK=KC(#116)∠K=∠K(1.15)BE=DC(con)

∴∆EBK≡∆DCK(1.4)

∴∆EBK=1/4each‖gm(#96)

Sym.∆CLF=1/4each‖gm

∴‖KELC=½each‖gm

125.Proof

AssumeO∉AC

EOF‖BC×AB,DC@E,F

AC×EF@G:G⋅|⋅(O,F)

LineonG‖AB∴‖gmGB=‖gmGD(1.43)

∴‖gmOB<‖gmOD↴ (OB=ODbyhyp)

∴O∈AC

Note

IfO⋅|⋅(G,F)letterschangebutproofisthesame.
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126.Proof

∆CBD,CAF:CD=ACandCF=BC(con)∠DCB=∠ACF=∟+∠C

∴∆CBD≡∆CAF(1.4)∴AF=BD

127.Proof

AD⊥AB:AD=ACJoinBD

BD>BC(1.24)

BD²=BA²+AD²(1.47)∴BC²<BA²+AD²

AD=AC∴BC²<BA²+AC²

128.Proof

AD⊥AB:AD=ACJoinBD

BD<BC(1.24)

BD²=BA²+AD²(1.47)∴BC²>BA²+AD²

AD=AC∴BC²>BA²+AC²

129.Proof

1)Converse127

∆ABC:BC²<AB²+AC²

∠A≠∟ (1.47)and∠Anotobtuse(#127)∴∠Aacute

2)Converse128

∆ABC:BC²>AB²+AC²

∠A≠∟ (1.47)and∠Anotacute(#128)∴∠Aobtuse

Note

Thisisproofbyexhaustionwhereyouexcludeallotherpossibilities.Ifsomething

canbeA,B,orC,thentoproveitisA,weshowitcannotbeBorC.

130.Proof

BE²=AB²+AE²andCD²=AD²+AC²(1.47)

∴BE²+CD²=AB²+AE²+AD²+AC²(a.2)

AB²+AC²=BC²andAD²+AE²=DE²(1.47)

∴BE²+CD²=BC²+DE²

Note

Wehavebeenjustifyingmostlinesofproofswithreferencestopropositionsand

previousresults.From thispoint,wejustifyonlythelessobvious.Ifalineofa

proofpuzzlesyou,justifyit.
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131.Proof

PK‖AD×AB,CD@K,L(1.31)

PM‖AB×AD,BC@M,N(1.31)

∴AK=DL=MPandKB=LC=PNandDM=LP=CN(1.34)

∴PA²+PC²=AM²+PM²+CN²+PN²(1.47)

∴PA²+PC²=BN²+PN²+DM²+PM²(a.1)

∴PA²+PC²=PB²+PD²

132.Proof

4BE²=4AB²+4AE²and4CF²=4AF²+4AC²(1.47)

∴4(BE²+CF²)=4(AB²+AE²+AF²+AC²)

∴4(BE²+CF²)=4(BC²+AE²+AF²)

∴4(BE²+CF²)=4BC²+AC²+AB²=5BC²

133.Proof

BC²=AB²+AC²(1.47)∴BC²=4AB²∴BC=2AB

BC=2DC(#58)∴AC=DC=AD∴∆ADC≡eqS∆

∴∠DAC=2/3∟ ∴∠BAE=1/3∟

∆CEA,DEA:CA=DA∴∠ADC=∠ACD

∠CEA,DEA=∟ ∴∠CAE=∠DAE(1.32)

∴∠DAE=1/3∟ ∴∠BAE=∠EAD=∠DAC

134.Proof

DM⊥GB(pr)

∴∠DBM+∠MBC=∟ and∠CBA+∠MBC=∟ ∴∠DBM=∠CBA

∆DBM,CBA:DB=CB,∠DBM=∠CBA,∟DMB=∟CAB

∴ BM=BAandDM=CA(1.26)

∴GM=2AB∴ GM²=4AB²

DG²=GM²+DM²(1.47)=4AB²+AC²

Sym.EJ²=4AC²+AB²

∴DG²+EJ²=5BC²
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Notation

Labellingisdonetoptobottom,lefttoright;orclockwisefromtop-

leftapexofnon-triangularfigure.Labellinginpropositionsfollows

thatoftheoriginal1867diagrams.

Operators

intersect,cut ×

bisect,bisector ×/2

trisect ×/3

at @

parallel ‖

between ⋅|⋅

AbetweenBandC A⋅|⋅(B,C)

perpendicular ⊥

ABperpendiculartoCD AB⊥CD

equivalent,equalineveryway≡

equalinmagnitude =

on ∈

noton ∉

equilateral(equalsides) eqS

equiangular eq∠

equidistant eqD

absolutedifference ~

|a-b| ~(a,b)ora~b

summation ∑

A+B+C+D ∑[A-D]

Points

onorendpointsoflines A,B,C,...

consideredinthemselves P,R,S,..

ascenterofafigure O



118

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Lines

byendpoints AB

creationfrompoints JoinAB

JoinAB,AC,AD JoinA[B-D]

mid-point mdpt

PmdptAB,QmdptCD P,QmdptAB,CD

Angles

angle ∠

interiorangle int∠

exteriorangle ext∠

alternateangle alt∠

oppositeangle opp∠

rightangle ∟

Triangles

triangle ∆

righttriangle ⊿

∀triangle ∆ABC

equilateraltriangle eqS∆

equiangulartriangle eq∠∆

isoscelestriangle isos∆

CFbisectorofangleC CF×/2∠C

ADmedianonangleA ADmed∠A

BEaltitudeonangleB BEalt∠B

Circles

circle ⊙

createbycenterandradius ⊙A,AB

asexistingcircle ⊙A

asdefinedbythreepoints ⊙ABC

touchingcenter oncenter

oncircumference ∈⊙

incircle'swhitespace in⊙
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Polygons

polygon n-gon

bynumberofsides(4+) 4-gon

parallelogram ‖gm

rectangle rect∟

rectangle,sidesAB,CD AB•CD

squareonlineAB AB²

Logic

therefore ∴

symmetrically Sym.

byhypothesis (hyp)

byconstruction (con)

contradiction ↴

any,every,each,all ∀

exists,existsonlyone ∃,∃!

not,notequivalent !!≡
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Euclid'sAxioms,Postulates,andDefinitions

Allofthefollowingarefrom Loney'slasteditionofTodhunter's

Euclid. Theirnumberingdiffersslightlyfrom anotherversionof

Todhunter's. And looking around,there is no conclusive

numbering.Allareclose.Beyondthat,youwillfindthatthereisa

bitofbackandforthbetweenaxiomsandpostulatesfrom textto

textaswell. Corollariesdatefrom the17thCandcandifferfrom

texttotext.ThenumberingofthepropositionsareEuclid'sand

arethesameinallEuclidtexts.

Euclid'sAxioms

a.1Thingsequaltothesamethingarealsoequaltooneanother.

a.2Thingsaddedtoequalsmakeequals.

a.3Thingstakenfromequalsleaveequals.

a.6Thingstwicethesamethingareequaltoeachother.

a.7Thingshalfofthesamethingareequaltoeachother.

a.8Thewholeisgreaterthanitspart.

a.9Magnitudeswhichcanbemadetocoincideareequal.

a.10Twolinescannotencloseaspace.Theymusthave0,1,orall

pointsincommon.

a.11Allrightanglesareequal.

a.12Ifalinecuttwootherlinessuchthat,ononesideofthefirst,

theothertwomakeanglessummingtolessthantworightangles,

thelines,extendedonthatside,mustintersect.

Euclid'sPostulates

p.1.Alinemaybedrawnbetweenanytwopoints.

p.2.Alinemaybeindefinitelyextended.

p.3.Anypointandanylinefromitmaybeusedtoconstructa

circle.
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Euclid'sDefinitions

BookI

d.1.1Apointispositionwithoutmagnitude.

d.1.2Alineislengthwithoutbreadth.

d.1.3Theextremitiesandintersectionsoflinesarepoints.

d.1.5Asurfaceislengthandbreadth.

d.1.6Theboundariesofsurfacesarelines.

d.1.7Aplaneisasurfacesuchthat,foranytwopoints,theirline

liesentirelyonthesurface.

d.1.8Aplaneangleistheinclinationoftwolinestooneanother

whichmeetontheplane.

d.1.9Aplanerectilinearangleistheplaneangleoftwostraight

lineswhichmeetattheirvertex.

d.1.10Whenalinemeetsanothersothatthetwoanglescreatedby

theformerononesideofthelatterareequal,theseareright

anglesandthelinesareperpendicular.

d.1.11Anobtuseangleisgreaterthanarightangle.

d.1.12Anacuteangleislessthanarightangle.

d.1.13Aplanefigureisanyshapeenclosedbylines,whichareits

perimeter.

d.1.15Acircleisaplanefigureboundedbyitscircumferencewhich

isequidistantfromitscenter.

d.1.20Atriangleisboundedbythreestraightlines.Anyofits

angularpointscanbeitsapexwhichisoppositeitsbase.

d.1.22Apolygonorn-gonisaplanefigurewithnlinesforsides.A

figurewith4sidesisa4-gonor"quadrilateral."

d.1.23Anequilateraltrianglehasthreeequalsides.

d.1.24Anisoscelestrianglehastwoequalsides.

d.1.29Parallellinesarecoplanarlineswhichcannotbeproducedto

intersect.

d.1.30Aparallelogramisa4-gonofopposingparallelsides

d.1.31AsquareisaneqS4-gonwithonerightangle.

d.1.33ArhombusisaneqS4-gonwithnorightangles.


