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.Instructions

ForLearners

Euclid'sBooksIthroughIVhavegivenyoumanyusefultoolstouse

anywhereyouencountergeometry.ButtherealpowerofEuclid

comesfromBooksVandVI.

AnalyticgeometryappearedwhenNewtonwasdevelopingthe

Calculus.Usingthesenew analytictechniques,mathematicians

werefinallyabletoprovethingsthathadeludedtheirpowersin

puregeometry.ButNewton wasableto usepuregeometry,

especiallywiththetoolsofBooksVandVI,toprovehistheorems

forCalculus.

InBookVI,welearntoestablishthesimilarityoffigures.This

similarityallowsustocomparethem becausetheirelementsare

thenproportionate.Butalloftheseelementsaremagnitudesthat

havenothingtodowithnumber.BookVallowsustocomparethe

proportionsoftwofiguresandextensivelymanipulatetheseratios

ofproportion.Anditdoesthisinawaythatdoesnotrequire

number.

BookVhasbeenconsideredthemostdifficultbookofEuclid.This

difficultycomesfrom twothings:thedesiretopreserveEuclid's

wayofpresentinghisideasandthefactthatwenolongerthinkthe

wayEucliddid.Wecanfixthis.BookVneednotbedifficultatall.

Proportionsarethecomparisonsoftworatios.Inmodernnotation,

this is exactly the same as comparing two fractions.And

mathematicianssuchasAugustusDeMorganlongagoprovedthat

Euclid'swayandthemodernwaywereexactlyequivalentinthis

respect.SowewillexpressBookVinEuclid'snotation,proveits

theoremsin modern notation,and pointoutwhere Euclid's

conceptsareamorepowerfulsupersetofourmodernfractions.

Nothingwillbelostandeverythinggained.
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ForTeachers

YoumustcometoyourowntermswithBookVinordertohelp

otherswithitsideas.Istudiedthefollowing,allavailableon

archive.org:

 EuclidfortheUseofSchoolsandColleges-Todhunter

 TheConnexionofNumberandMagnitude-DeMorgan

 Euclid,BookV,ProvedAlgebraically-Dodgson(Carroll)

 DoctrineofProportionorFifthBookSimplified-Byrne

 FifthandSixthBooksofEuclid-Hill

Myapproachistogivethelearnereverythingsheneedsfor

understandingandusingtherestofEuclidalongwitheverything

thatwilladdtoherpowerofexpressioninallmathematicsasitis

donetoday.

Formorematerialsthatshow theuseofBooksVandVI,the

followingarealsoonarchive.org:

 AlgebrafortheUseofCollegesandSchools-Todhunter

EspeciallyChap.26onratioandChap.27onproportion

 ElementsofAnalyticalGeometry-Loomis

AlmostallhisproofsuseproportionsofBookVI

 ModernGeometry-GodfreyandSiddons

ExtensiveuseofBookVIinwhatfollowsfromEuclid

Thetouchstonehereis"Canyoushow Euclid'sproportionsare

morepowerfulthantheirsimplerform asmodernfractions?"This

istheimperative.
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Euclid-BookV

IfIwereacruelman,IwouldgiveyouEuclidBookVstraightup.

Here'sTodhunterProposition5.1fromHeath'sEuclid:

Ifanynumberofmagnitudesbeequimultiplesofasmany,eachto

each;whatevermultipleanyoneofthem isofitspart,thesame

multipleshallallthefirstmagnitudesbeofalltheother.

TextbooksofEuclidhavetriedtobetruetoEuclidandthisisa

goodthing.Buttheyalmostallentirelyignorethatwedonotthink

liketheGreeksdid.Ourmathematicsisnotdonethewaythe

Greeksdidtheirs.Wecantaketheirresultsandusethem inour

mathematics.Buttheirmindsarealientoours.

AlmosteverythinginEuclidBookVcanberepresentedasmodern

fractions.ThedangerinusingfractionsisthatEuclid'sproportions

dofarmorethanoursimplefractions.Hisproportionsdealwith

magnitudesoflength,arc,area--geometricmagnitudestowhich

nonumberisattached.Allheneedsforhisproportionsisthe

knowledgethattwofiguresaresimilar.Inournotation,ifAis

similartoBwesay"A~B".Iftwofiguresaresimilarthentheir

elementsareproportionalandyoucancomparethem toeach

other.Let'susefirstEuclid'snotationandthenoursinaquick

example:

If∆ABC~∆DEFthenAB:BC::DE:EF

Wesayaverysimilarthingbysaying:

If∆ABC~∆DEFthenAB/BC=DE/EF

ThedifferenceisthatEuclidissayingthisaboutmagnitudesoflines

andinourmathematic,wearesayingitaboutthenumbers

indicatingthelengthoflines.If∆ABChadsidesoflength3,4,5and

∆DEFhadsidesthreetimesbigger,Euclidwouldstillsay:
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AB:BC::DE:EF

whilewewouldsay:

3/5=9/15

Thenwewouldreducetherighthandsideandwonderwhatthe

pointwas.Hereisoneofthepoints.Ifthesides'lengthswere

actuallyirrationallengthsthatcouldn'tbeexactlyexpressedinour

mathematic's fractions, our fractions would have to be

approximations.Euclid'sratioswouldbeexact.

Thereareevenmore"points"tolearningEuclid'sproportions.

BecauseAugustusDeMorgan,amongothers,establishedthatour

fractionsandEuclid'sproportionsarecompletelyequivalentunder

theoperationsofarithmetic,anythingEucliddoeswithproportions,

wecandowithfractions.Andnotjustnumberfractionsbut

algebraic fractions,too.Here again,Euclid is making your

consciousnessmore powerfulthan you thoughtitcould be.

Anywhereyoudoalgebra,youcanusethepowerofEuclidBookV.

AsfarasIcantell,noEuclidtextbookhasgivenproblemsforBook

V.Wecanfixthat.Wewilluseproblemsfrom Todhunter's and

Bland'salgebratextsthatshow theuseofEuclid'sratioand

proportion.Wearegoingtopumpyouupwiththepowerof

proportions.

Beyondthat,hereisourplanforBookV.Asinearlierbooks,Iwill

only include whatis actually used in Euclid.Buthere the

propositionswillbestatedintermsofourmathematicseven

thoughIuseEuclid'snotation.Wewillthenprovehistheoremsin

ourequivalentmathematicoffractions.Youwillkeepinmind

alwaysthatEuclid'sproportions,eveninourfractionalform,are

morethannumericfractions.Iwillpointoutanyaspectofthis

supersetofmeaningasitcomesup.Definitionsandaxiomswillbe

inbothEuclideanandmodernnotationbutwillbestatedin

modernterms--becauseIamnotacruelman.
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Axioms

With numbers,these "axioms"are allself-evident.Butwith

magnitudes,Euclidhadtomakethesesimpleresultsaxiomatic.

Andwithoutalgebra,hehadtostateeverythingawkwardly.

a.5.1Equimultiplesofthesameorequalmagnitudesareequalto

eachother.

Explanation:Taketwomagnitudes(a,b)andanynumber(n),thenif

a=a(anditalwaysdoes)n×a=n×a.Andifa=b,thenn×a=n×b

a.5.2Themagnitudesofwhichthesameorequalmagnitudesare

equimultiplesareequaltooneanother.

Explanation:Samekindofthing.Fortwomagnitudes(a,b)andany

number(n)ifna=nbthena=b

a.5.3Amultipleofagreatermagnitudeisgreaterthanthesame

multipleofalessermagnitude.

Explanation:Ifa>bthenna>nb

a.5.4Themagnitudeofwhichamultipleisgreaterthanthesame

multipleofanotherisgreaterthanthatothermagnitude.

Explanation:Ifna>nbthena>b
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Definitions

d.5.1Alessermagnitudeisapartorsubmultipleofagreaterwhen

thelessermeasuresthegreaterexactly.

Explanation:aisapartofbifb=n×aforsomen∈N={1,2,3,...}

d.5.2Agreatermagnitudeisamultipleofalesserwhenthelesser

measuresthegreaterexactly.

Explanation:aisamultipleofbif∃n∈N:a=n×b

d.5.3Ratioisthecomparisonoftwomagnitudesofthesamekind:

length,area,arc,etc.

Explanation:InEuclidthisisa:bandisread"aistob".Inaratio,

the"isto"means"islessthan,equalto,orgreaterthan"andEuclid

doesn'tcarewhich.Whatevertherelationisonlycomesintoplay

whenratiosarecompared.Inmodernnotation,thisisa/bandthe

"lessthan,equalto,orgreaterthan"issimplyshownbythe

numbers.

d.5.5Whentworatios,a:bandc:d,havethesameratiotheyare

expressedas

a:b::c:d

Explanation:Thefullmeaningofthisis:"aisgreaterthan,equalto,

orlessthanbinthesamewaythatcisgreaterthan,equalto,or

lessthand."This"inthesameway"goesfurtherandsaysthatthe

proportionsoftheratiosarepreservedunderallofBookV's

operations.Sothisa:b::c:dsaysalot.

Inmoderntermswecansaythatifa:b::c:dthen

a/b=c/d
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ButtheGreekshadmoreinmind.Becausetheyavoided

calculationswithincommensurable(irrational)numbers,theycould

saythatifa:b::c:dthenthereweretwowholenumbersmandn:

ma-nb=0

mc-nd=0

Inmodernmathematicswecannotavoidanynumbers.Butthe

aboveequationsarestilltrueforanyproportionifmandnare

takennotjustfromthenaturalnumbers(N)butfromthereals(R).

d.5.6Magnitudesthathavethesameratioarecalledproportionals

andexpressionslikea:b::c:dareproportions.

Explanation:ThewholepointofBookVistoshowwhatcanbe

donetoproportionalswithoutwreckingtheactualgeometric

proportionoftheratios.Intermsofmodernfractions,thisis:

"Whatcanyoudotobothofthemthatdoesn'tdestroytheir

(in)equality?"Youcanseethat,again,fractionsareasubsetof

proportions.

d.5.9Proportionsconsistofatleastthreemembers.

Explanation:Thistakestheforma:b::b:c.Andthisshouldactually

beanaxiom.

d.5.10Ifa:b::b:c,thena:cistheduplicateratioofa:b.

Explanation:Inthiscase(a/b)²=a/c

d.5.11Ifa:b::b:c::c:d,thena:disthetriplicateratioofa:bandsoon.

Thiskindofproportioniscalledcontinuedproportion.

Explanation:Inthiscase(a/b)³=a/d

d.5.12Ofanynumberofcontinuedproportionals,thefirsthasto



11

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

thelastthecompoundratiooftheseries.

Explanation:Thinkoftwenty-fiveproportionalmagnitudes

a:b::b:c::c:d::d:e::...::x:y::y:z

thena:zisthecompoundratio.Eucliddoesnotsayhowhearrives

athisideaofcompoundratioandI'velookedforanexplanation.

Butifyouconsidertheseriesasmultipliedfractions:

(a/b)(b/c)(c/d)...(y/z)

theresultisa/zbecausealltheothertermscancel.

Thisisthe"explanation"DeMorgan,Carroll,andothersgive.I

believethatEuclidusesthisideaofcompoundratios,togetherwith

duplicateandtriplicateratios,toexpressarea(BookVI)andvolume

(BookXI)ofmagnitudes.Thisiswhyhedoesn'thavequadruplicate

ratio,asthereisnofourthdimensioninEuclideangeometry.Iwill

bringupthisideaofEuclideanareaagainwhenwegetto

proposition6.23,whichIbelieveshowshisintentforcompound

ratio.
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Propositions

Proposition1.Theorem

∀magnitudesA,B,C,...,a,b,c,...and∀m∈N

IfA=ma,B=mb,C=mc,...

then(A+B+C+...)=m(a+b+c+...)

Proof

(A+B+C+...)=(ma+mb+mc+...) (hyp)

∴ (A+B+C+...)=m(a+b+c+...) (DistributiveLaw)

Here,EuclidisprovingthattheDistributiveLawofArithmeticholds

withproportions.Notthathethoughtofitinthoseterms.Butwe

do.Sotheproofissimple.Recallthat"∀"means"any,every,or

all"and"∃"means"exists."

Themainpointoftheseproofsistoexplicitlyshowtheideabehind

theproposition.EventhoughIamnotusingphrasescontainingthe

"LetBequal"and"eachtoeach"ofdirectGreektranslation,the

propositioninwordsandsymbolsisneverasclearasthe

propositionshownandvalidatedbysymbolsonly.Algebrausedto

bewordsonly.Nowalgebraissymbolsonly.Youcanseewhythe

effortwasmadetosymbolizeit.

Proposition2.Theorem

∀6magnitudesa,b,c,d,e,fand∀m,n∈N

Ifa:b::c:d::e:fanda=mb,c=md,e=nb,f=nd

then∃r∈N:a+e:rb::c+f:rd

Proof

a:b::c:d::e:fanda=mb,c=md,e=nb,f=nd

∴ a+e=mb+nb=b(m+n)

c+f=md+nd=d(m+n)

∴ a+e=(m+n)bc+f=(m+n)d

∴ a+e:(m+n)b::c+f:(m+n)d

∴ r=(m+n)
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Proposition2.Corollary1.

∀magnitudes(A,B,C,...),(a,b,c,...),X,x,and∀m,n,r,...∈N

ifA=mX,a=mx,B=nX,b=nx,C=rX,c=rx...

then∃s∈N:(A+B+C+...)=sXand(a+b+c+...)=sx

Proof

(A+B+C+...)=mX+nX+rX+... (hyp)

∴ (A+B+C+...)=X(m+n+r+...) (5.1)

(a+b+c+...)=mx+nx+rx+... (hyp)

∴ (a+b+c+...)=x(m+n+r+...) (5.1)

∴ s=(m+n+r+...)

Proposition3.Theorem

∀magnitudesa,b,c,d,A,Cand∀m,n∈N

Ifa:b::c:danda=mb,c=mdandA=na,C=nc

Then∃r∈N:A=rbandC=rd

Proof

A=na=n(mb)=(nm)b

C=nc=n(md)=(nm)d

∴ r=nm

EuclidisshowingthatmultiplesofmagnitudesobeytheAssociative

LawofArithmetic.Hereandin5.1,heismoreorlessassuming

whatheistryingtoproveanddaringanyonetochallengehis

arithmetic.

Proposition4.Theorem

Givenproportionalmagnitudesa:b::c:dand∀m,n∈N

IfmagnitudesA=ma,B=nb,C=mc,D=ndthenA:B::C:D

Proof

a:b::c:d∴a/b=c/d

∴m/n×a/b=m/n×c/d

∴ma/nb=mc/nd

∴A/B=C/D

∴ A:B::C:D
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IfEuclidhadhadalgebra,hecouldhavecollapsedhistwenty-some

propositionsintoabriefalgebraicinvestigation.Withoutalgebra,

hehastoprovethateachtoolhewantstouseisvalid.Keepin

mindthatthroughoutthesepropositions,morncouldbeunity,i.e.,

m/ncanbemor1/n.

Proposition4.Corollary1

∀proportionalmagnitudesa:b::c:dand∀m,n∈N

IfmagnitudesA=ma,C=mc,thenA:b::C:d

Proof

a:b::c:d∴a/b=c/d

∴ m×a/b=m×c/d

∴ma/b=mc/d

∴ A/b=C/d

∴ A:b::C:d

Proposition4.Corollary2

∀proportionalmagnitudesa:b::c:dand∀m,n∈N

IfmagnitudesB=nb,D=ndthena:B::c:D

Proof

a:b::c:d∴a/b=c/d

∴ 1/n×a/b=1/n×c/d

∴a/nb=c/nd

∴ a/B=c/D

∴ a:B::c:D

ThesecorollariesareLewisCarroll's(themathematicianCharles

Dodgson).Giventhenatureofourtimes,someofyouwillknow

thathewassupposedtohavehadhiseyeonthelittlegirlwhowas

thereal-lifeAliceinWonderland.Nottrue.Modernscholarshipis

dividedonwhetherhisattentionswereonAlice'snineteen-year-old

sisteroronAlice'sattractivemother.Giventhathewastoldtogo

awayandnevercomeback,themotheristhesaferbetashecould

havecourtedthesisterinallpropriety.AndnowbacktoEuclid...
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Proposition5.Theorem

∀2magnitudesa>b

IfA=maandB=mbthenA-B=m(a-b)

Proof

A-B=ma-mb (hyp)

∴ A-B=m(a-b)(5.1)

Ihaveseentwootherversionsofthisproofandnonespelloutthe

pointanybetterthanthisone.ThepointforEuclidisthattheresult

of(A-B),theequimultiples'difference,isamultipleoftheresultof

(a-b),theirparts'difference.Also,amustbegreaterthanb

becauseEuclidcannotdrawanegativelineoranegativefigurein

thedirt.Hisresult,ofcourse,remainstrueforususinganyaandb.

Proposition6.Theorem

∀6magnitudes,a,b,c,d,e,f.∀m,n∈Nm>n

Ifa=mc,b=md,e=nc,f=nd

theneither(a-e)=c,(b-f)=dortheyareequimultiplesofcandd

Proof

a=mc,b=md,e=nc,f=nd

∴ a-e=mc-nc=(m-n)c

b-f=md-nd=(m-n)d

∴ if(m-n)=1then(a-e)=cand(b-f)=d

elsetheyareequimultiples(m-n)cand(m-n)d

IpromisedyouproblemsforBookV.Thesenextfourproblemsare

takenfromIsaacTodhunter'sAlgebrafortheUseofCollegesand

Schools,inChapterXXVIonRatio.Thinkofthisasapractical

introductiontotheuseofEuclid'sratioandproportioninalgebra.

AsinthefirstvolumeofEverymind'sEuclid,thehints,solutions

(anddiagramsforBookVI)aregiveninappendices.

Theideasheremaybenewtoyou.Sodon'tstareataproblemlike

acalfatanewgate.Seeifyoucangraspeachideawithoutlooking

atthehint.Butyouwillneedsomeofthehints.Justgolook.
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Problems

1.Writedowntheduplicateratioof2:3andthesubduplicateratio

100:144.

2.Writedowntheratiothatiscompoundedof3:5and7:9.

3.Twonumbersareintheratioof2:3,andif9beaddedtoeachof

themtheyareintheratioof3:4.Findthenumbers.

4.Showthattheratioofa:bistheduplicateratioofa+c:b+cifc²=

ab.

TheletteredpropositionsinBookV,propositionsA-E,are

Simson's,whowroteanearlyandinfluentialEuclidtextbook.

PropositionA.Theorem

Ifa:b::c:danda>=<bthenc>=<d

Proof

a:b::c:da>b

∴ a/b=c/d

a>b∴a/b>b/b∴a/b>1

∴ c/d>1∴c/d>d/d

∴ dc/d>dd/d∴c>d

Sym.a=banda<b.

Thisestablishestheinternalrelationsoftheratiosinaproportion.

PropositionB.Theorem

Ifa:b::c:dthenb:a::d:c

Proof

a:b::c:d

∴ a/b=c/d

∴ b/a=d/c (1÷byeach)

∴ b:a::d:c

Thisisproportiontakeninverselyorbyinversionandextendsthe

useof5.A.
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PropositionC.Theorem

∀4magnitudesa,b,c,d.

Ifa=mbandc=mdthena:b::c:d.

Proof

a=mbandc=md

mb:b::md:d (a.5.1,2)

∴ a:b::c:d

ThepointofSimson'spropositionsistocreateashorthandfor

mathematiciansworkingwithEuclid.Insteadofwritingoutthelines

ofthislastproofinyourproofofsometheorem,youcansimply

writetheresultandcite(5.C.)

PropositionD.Theorem

Ifa:b::c:danda=mbthenc=mdorifna=bthennc=d.

Proof

a:b::c:da=mb a:b::c:dna=b

∴ a/b=c/d ∴ a/b=c/d

∴ mb/b=c/d ∴ a/na=c/d

∴ m=c/d ∴ 1/n=c/d

∴ c=md ∴ nc=d

Letmenagyouagainaboutmagnitudes.Herea,bcouldbelines

andc,dareas.Soifaisamultipleofbinlengththencisan

equimultipleofdinarea.Youwillneedtothinkinthesetermsto

solvetheBookVIproblems.

Proposition7.Theorem

∀2equalmagnitudes,a,b,andanythirdmagnitudex

Becausea=bthena:x::b:x

Proof

a=b

∴ a/x=b/x (÷x)

∴ a:x::b:x

Yes,someofthesepropositionsaretrivial.Youcanreadthelonger

versionsintraditionalEuclidsifyouwish.Butthisisalltheysay.
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Proposition7.Corollary1.

∀2equalmagnitudes,a,b,andanythirdmagnitudex

Becausea=bthenx:a::x:b

Proof

a=b

∴ a:x::b:x (5.7)

∴ x:a::x:b (5.B)

Proposition8.Theorem

∀ magnitudes,a,b:a>bandanythirdmagnitudec

Becausea>bthen1)a:c>b:cand2)c:b>c:a

Proof

1)a>b

∴ a/c>b/c (÷c)

∴ a:c>b:c

2)a>b

∴ c/b>c/a (×c/ab)

∴ c:b>c:a

ThenextfourproblemsarefromAlgebraicalProblemsbyMiles

Bland,1828.Proportionsareusedinsimplealgebraproblems

becauseifa:b::c:dthentherectanglea•dequalstherectangleb•c

whichtranslates,numerically,intoad=bc.Insomeproblems,the

textsuggestsfractions.Butoftentheoldernotationiseasierto

workwithasthefractionsinvolvedarenon-intuitive.Problem8is

likethis.

Forthoseofyouwhohave(rightfully)avoidedwordproblems,

someadvice:Inwordproblemsyouarealwaysdealingwith

quantitiesofsomethinginordertodiscoverwhatsomespecific

quantityofsomethingspecificis.Soyourequationsmustresultin

therequiredtypeofquantity.Yourunknownshouldgenerallybeof

thistypeofmagnitude.(Probably"always"butI'macautiousman.)
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Youcancheckthisbeforeyoueventrytodoanycomputationwith

whatyouhopeisthecorrectequation.Let'ssayyouneedtoknow

howmanydaysandyouhavequantitiesofmenanddaysand

men/day.Youcanadddaysandgetdays.Youcandividemenby

men/dayandgetdays.Butifyoumultiplymentimesmen/dayyou

getmen²/day,whichisaninterestingtypeofmagnitude.Butitis

not,Iamsure,theoneyouarelookingfor.

Problems

5.Asumofmoneyistobesharedbetweentwopersons,AandB,

sothatasoftenasAreceives9pounds,Btakes4.Nowithappens

thatAreceives15poundsmorethanB.Whataretheirrespective

shares?

6.Whattwonumbersareas2to3,toeachofwhichif4beadded,

thesumswillbeas5to7?

7.Thetotaljointstockoftwopartnerswhoseparticularshares

differedby40poundswastotheshareofthelesseras14to5.

Requiredtheshares.(Jointstockmeansthetwoputinwhatthey

couldandwhenaprofitcomesin,theysplititproportionallyto

theirindividualinvestments.)

8.Apersonbeingaskedthehour,answeredthatitwasbetween5

and6andthatthehour-andminute-handsweretogether.What

timewasit?

Proposition9.Theorem

∀3magnitudesa,b,c.

If1)a:c::b:cor2)c:a::c:bthena=b.

Proof

1)a:c::b:c

∴ a/c=b/c

∴ a=b (×c)

2)c:a::c:b

∴ c/a=c/b

∴ b=a (×ab/c)
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Proposition10.Theorem

∀3magnitudesa,b,c,ifa,bhaveunequalratiostoc:a:c>b:c

thena>bandifc:a<c:bthena>b

Proof

a:c>b:c∴a/c>b/c∴(×c)a>c

c:a<c:b∴c/a<c/b∴(xab/c)b<a

Proposition11.Theorem

Ratiosthatareequaltothesameratioareequaltoeachother.

Proof

FollowsfromBookI,axiom1.Thatchoiceofaxiommeantthatthe

Greeksknewequalityistransitive,nomatterwhattheequalobjects

were.Theysaid:Ifa=candb=cthena=b.Wesay:If

a=bandb=cthena=candcallthis"transitive."Provingthis

propositionwouldmeanyouexpectequalthingstobeunequal.

Proposition12.Theorem

Ifanynumberofmagnitudes(a,b,c,...)areproportional:

(a:b::c:d::e:f::...)thena:b::(a+c+e+...):(b+d+f+...)

Proof

a:b::c:d::e:f::...

∴ a/b=c/d=e/f=...

Theneachequalssomekora/b=c/d=e/f=...=k

∴ a=bkc=dke=fk...

∴ a+c+e+...=bk+dk+fk+...=k(b+d+f+...)=k=a

b+d+f+... b+d+f+... b+d+f+... b

∴ a:b::(a+c+e+...):(b+d+f+...)

Proposition13.Theorem

∀6magnitudesa,b,c,d,e,f:ifa:b=c:dandc:d>e:fthena:b>e:f

Proof

a:b::c:d∴a/b=c/d=k

c:d>e:f∴c/d>e/f

c/d>e/f∴k>e/f∴a/b>e/f

∴ a:b>e:f
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Proposition13.Corollary1.

Ifa:b>c:dandc:d=e:fthena:b>e:f

Proof

c:d=e:f∴c/d=e/f=k

a/b>c/d∴a/b>k∴a/b>e/f

∴ a:b>e:f

Proposition14.Theorem

Ifa:b::c:danda:b=c:dthenasa>=<csoisb>=<d

Proof

Leta>c

a:b=c:d∴a/b=c/d

a>c∴a/b>c/b(÷b)∴c/d>c/b

∴ b>d(×bd/c)

Sym.fora=canda<c

Thenextfourproblemsarefourmorefirst-degreeequation

problemsfromBland'sAlgebraicalProblems.

Problems

9.ABankruptowedtotwoCreditors140pounds;thedifferenceof

thedebtswastothegreaterdebtas4to9.Whatwerethedebts?

10.A,B,Cmakeajointstock;AputsinL.60(60poundssterling)

lessthanBandL.68morethanC;andthesumofthesharesofA

andBistothesumofthesharesofBandCas5to4.

11.Britishcoinsarepounds(L),shillings(s),andpence(d).

L.1=20s.and1s.=12d.Whenthepriceofabushelofbarley

wantedbut3d.tobetothepriceofabushelofoatsas8to5,nine

bushelsofoatswerereceivedasanequivalentforfourbushelsof

barleyplus7s.6d.inmoney.Whatwasthepriceofeach?

12.Twopiecesofclothofequalgoodness,butofdifferentlengths

(inyards),werebought,theoneforL.5,theotherforL.610s.Now

ifthelengthsofbothpieceswereincreasedby10,thenumbers

resulting(lengths)wouldbeintheproportionof5to6.Howlong

waseachpieceandhowmuchdidtheycostayard?
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Proposition15.Theorem

∀2magnitudesa,b,∀n∈N,thena:b::na:nb

Proof

a/b=1×a/b=n/n×a/b=na/nb∴a::b::na:nb

Thisisreally5.12wherea,b,c,d,e,f,...area,a,a,...andb,b,b,...

IfEuclidhadalgebra,hewouldn'thavetodoeachpossiblecasein

detail.AndEuclid'sproofofthis5.15isconsiderablylongerand

waymoreobtusethanthissinglelinethatitboilsdownto.Always

begratefulforalgebra.

TheproportioninthenextpropositionisinoneofEuclid's

redundantdefinition/propositioncombosandiscalledalternateor

permutedratio.SomebooksusetheLatinalternando.Inallsuch

cases,theLatiniseasytofigureout.

Proposition16.Theorem

Ifa:b::c:dthentakenalternately,a:c::b:d

Proof

a:b::c:d

∴a/b=c/d∴(×b/c)a/c=b/d

∴ a:c::b:d

Proposition17.Theorem

∀2magnitudesa,b,ifa+b:b::c+d:dthena:b::c:d

Proof

a+b:b::c+d:d

∴ (a+b)/b=(c+d)/d∴a/b+b/b=c/d+d/d

∴ a/b+1=c/d+1∴a/b=c/d(-1)

∴ a:b::c:d

Proposition18.Theorem

Ifa:b::c:dthena+b:b::c+d:d

Proof

a:b::c:d∴a/b=c/d∴a/b+1=c/d+1

∴ a/b+b/b=c/d+d/d∴(a+b)/b=(c+d)/d

∴ a+b:c::c+d:d



23

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Proposition18istheconverseofProposition17.Hereagain,we

canonlypityEuclidfornothavingalgebraandbeingabletoreduce

BookVtolessthantenpropositions.Atleastthenextoneisnotso

obvious.

Proposition19.Theorem

Ifa:b::c:dthena-c:b-d::a:b

Proof

a:b::c:d∴a/b=c/d=k∴a=bk,c=dk

∴ (a-c)/(b-d)=(bk-dk)/(b-d)=k(b-d)/(b-d)=k

∴(a-c)/(b-d)=a/b

∴ a-c:b-d::a:b

Proposition19.Corollary1

Itfollowsdirectlythatifa:b::c:dthena-c:b-d::c:d

PropositionE.Theorem

Ifa:b::c:dthentakenbyconversiona:a-b:c:c-d

Proof

a:b::c:d∴a/b=c/d=k∴a=bk,c=dk

∴ a/(a-b)=bk/(bk-b)=b/b×k/(k-1)=d/d×k/(k-1)

=dk/(dk-d)=c/(c-d)

∴ a:a-b::c:c-d

Iwasgoingtoskipthisnextbit.OtherEuclidBookVtextsskipitor

minimizeit.Butitturnsouttobewildlyusefulinbasicalgebra.

ExAequali(FromEquals)

Euclidhasadefinitionofexaequaliandadefinitionofexaequali

fromequalsinproportionandadefinitionofexaequalifrom

equalsindistortedproportion.Andallthesesayisthatifyouhave

twosetsofmagnitudesinthesameproportions,theircompounded

ratiosareequal.AndIthinkweknewthis,thanks.

ButIwasworkingthroughanoldalgebratextandfoundthatex

aequalifurthershowsthatproportionismoretransitivethanyou

wouldthink.Becauseitistransitive,youcanuseittopassfrom

onesetofproportionstoanother.Letmegiveyoutwoexamples.
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If A:B::C:D or 1:3::3:9

and E:B::F:D or 2:3::6:9

then A:E::C:F or 1:2::3:6

If A:B::C:D or 1:3::3:9

and B:E::D:F or 3:12:9:36

then A:E::C:F or 1:12::3:36

Inalgebra,thesenumbersareusuallynumbersandlettersandwe

writetheminfractions.Youwillfindthatwritingthemas

proportionsmakesiteasiertoseetheuseofexaequali,asoneof

theproblemsbelowwillshow.Thesearesimultaneousfirst-degree

equationproblemsfromBland'sAlgebraicalProblems.

Problems

13.Findtwonumbers,thegreaterofwhichshallbetothelessas

theirsumto42andtheirdifferenceto6.

14.Whattwonumbersarethose,whosedifference,sum,and

productareasthenumbers2,3,and5,respectively?

15.AMerchanthavingmixedacertainnumberofgallonsofbrandy

andwater,foundthatifhehadmixed6gallonsmoreofeach,he

wouldhaveputintothemixture7gallonsofbrandyforevery6of

water;butifhehadmixed6lessofeach,hewouldhaveputin6

gallonsofbrandyforeveryfiveofwater.Howmanyofeachdidhe

mix?

16.Findtwonumbersintheproportionof5to7,towhichtwo

otherrequirednumbersintheproportionof3to5berespectively

added,thesumsshallbeintheproportionof9to13;andthe

differenceofthosesums=16.
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Proposition20.Theorem

∀magnitudesA,B,Canda,b,c,

ifA:B::a:b,B:C::b:cthenasA>=<C,a>=<c

Proof

A>C

A:B::a:bB:C::b:c

∴ A/B=a/bB/C=b/c

∴ A/B×B/C=a/b×b/c

∴ A/C=a/c

ButA>C∴(÷C)A/C>1∴a/c>1

∴ (×c)a>c

Sym.forA=CandA<C

Proposition21.Theorem

∀magnitudesA,B,Canda,b,c,

ifA:B::b:c,B:C::a:b,thenasA>=<C,a>=<c

Proof

A>C

A:B::b:cB:C::a:b

∴ A/B=b/cB/C=a/b

∴ A/B×B/C=b/c×a/b

∴ A/C=a/c

ButA>C∴(÷C)A/C>1∴a/c>1

∴ (×c)a>c

Sym.forA=CandA<C

ThisA:B::b:c,B:C::a:biswhatEuclidcallscrossorder.Propositions

22and23whichfollowdealwithexaequali.Proposition22shows

itas"fromequalsinproportions"and23as"fromequalsin

disorderedproportion."
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Proposition22.Proposition

Givenanytwosetsofmagnitudes(A-Z),(a-z),

ifA:B::a:b,B:C::b:c,...Y:Z::y:z,thenA:Z::a:z

Proof

A:B::a:b,B:C::b:c,...Y:Z::y:z

∴ A/B=a/bB/C=b/c...Y/Z=y/z

∴ A/B×B/C×...×Y/Z=a/b×b/c×...×y/z

∴ A/Z=a/z

∴ A:Z::a:z

Proposition23.Proposition

Givenanytwosetsofmagnitudes(A-Z),(a-z),

ifA:B::y:z,B:C::x:y,...Y:Z::a:b,thenA:Z::a:z

Proof

A:B::y:z,B:C::x:y,...Y:Z::a:b

∴ A/B=y/z B/C=x/y...Y/Z=a/b

∴ A/B×B/C×...×Y/Z=y/z×x/y×...×a/b

∴ A/Z=a/z

∴ A:Z::a:z

MoreExAequali

ConsiderthisexampleofProposition23:

(2,3,4,2,6,9)(8,12,36,18,24,36)

2:3::24:36

3:4::18:24

4:2::36:18

2:6::12:36

6:9::8:12

∴ 2:9::8:36or2/9=8/36=(2×4)/(9×4)

Youcanseethattherelationsamongproportionsneednotbe

simpleones.Intheabove,fourinthefirstsetarepairedwith

equimultiplesof4andtwowithequimultiplesof9.Butthe

transitivenatureofproportionsholdsintheresult.
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Proposition24.Theorem

∀6magnitudesa,b,c,d,e,f,

ifa:b::c:dande:b::f:dthena+e:b::c+f:d

Proof

a:b::c:de:b::f:d

∴ a/b=c/de/b=f/d

∴ a/b+e/b=c/d+f/d (1)

∴ (a+e)/b=(c+f)/d

∴ a+e:b::c+f::d

Proposition24.Corollary1

Againleta:b::c:d,e:b::f:dthena-e:b::c-f:d

Proof

Sym.fromproofof24butfor(1)substitute

∴ a/b-e/b=c/d-f/d

Proposition24.Corollary2

∀2setsofmagnitudes(A,B,C,...)(a,b,c,...)∀2magnitudes(X,x):

ifA:X::a:x,B:X::b:x,C:X::c:x,...

then(A+B+C+...):X::(a+b+c+...):x

Proof

A:X::a:x,B:X::b:x,C:X::c:x,...

∴ A/X=a/xB/X=b/xC/X=c/x...

∴ A/X+B/X+C/X+...=a/x+b/x+c/x+...

∴ (A+B+C+...)/X=(a+b+c+...)/x

∴ (A+B+C+...):X::(a+b+c+...):x
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Proposition25.Theorem

Ifa:b::c:dandaisthegreatestof(a,b,c,d)

thendistheleastof(a,b,c,d)anda+d>b+c

Proof

a:b::c:dandaisthegreatestof(a,b,c,d)

a>b∴c>d (5.A)

a>c∴b>c (5.14)

∴ distheleastof(a,b,c,d)

a:b::c:d

∴ a:a-b::c:c-d (5.E)

a>c∴a-b>c-d (5.14)

∴ (+b,+d)a+d>b+c

Thelastfourproblemsarethreemorewithsimultaneousfirst-

degreeequationsandonequadratic.TheyareallfromBland's

AlgebraicalProblems.Number19isamonster.Butitshowsthe

powerofproportionsinalgebra.AndIcouldhavepickedamuch

worseone.ButasIsaid,Iamnotacruelman.Problem20isa

littlebitofEuclidBookIforatreat.

Problems

17.AMerchantfindsthatifhemixessherryandbrandyin

quantitieswhichareintheproportionof2to1,hecansellthe

mixtureat78shillingsadozen;butiftheproportionsbe7to2,he

mustsellitat79shillingsadozen.Requiredthepriceofeach

liquor.

18.ACorn-factor(andweallknowwhatthatis)mixeswheat-flour,

whichcostshim10shillingsabushel,withbarley-flour,whichcosts

him4shillingsabushel,insuchproportionastogain43and3/4

percent,bysellingthemixtureat11shillingsperbushel.Required

theproportion.
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19.Roundtwowheels,whosecircumferencesareas5to3,two

ropesarewrapped,whosedifferenceexceedsthedifferencesof

thecircumferencesby280yards.Nowthelargerropeappliedto

thelargerwheelwrapsarounditacertainnumberoftimes,greater

by12thanthenumberoftimesthesmallerropewrapsaroundthe

smallerwheel;andifthelargerwheelturnsround3timesasquick

asthesmaller,theropeswillbedischargedatthesametime.

Requiredthelengthsoftheropesandthecircumferencesofthe

wheels.

20.TheCaptainofaprivateerdescryingatradingvessel7miles

ahead,sailed20milesindirectpursuitofher,andthenobserving

thetradersteeringinadirectionperpendiculartoherformer

course,changedhisowncoursesoastoovertakeherwithout

makinganothertack.Oncomparingtheirreckoningsitwasfound,

thattheprivateerhadrunattherateof10knotsinanhour,and

thetradingvesselattherateof8knotsinthesametime.Required

thedistancesailedbytheprivateer.

ResultsofEuclidBookV

IhopethatyouhaverealizedhowEuclid'soperationsonratios

increaseyourabilityandmathematicalpowerwhendealingwith

fractions.Eventhoughallthisrelatestofractionsnow,let'srecall

onelasttimethatEucliddidallofthiswithoutnumbersandthat

thevaluesintheratioswerelengths,areas,andvolumes.Itisalso

worthwhiletonotethatalthoughonealwaysbeginswithratiosof

likemagnitudes(lengthA:lengthB)thatthisisonlythe

preliminarystep.Asyoumanipulatetheproportionsandrelate

themtootherproportions,youoftenendupwith"length:area::

length:area"andsimilar.

ThefollowingisabriefanalysisofwhatEuclidhasestablishedfor

ratioandproportion,propositionbyproposition(rememberthatA-

EwereSimson's).HereEuclidisbuildingafoundationforhismost

powerfulbookofgeometry.
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1.EstablishesDistributiveLawforaddition

2.ExtendstheDistributiveLawforaddition

3.EstablishesAssociativeLawofmultiplication

4.Producesaproportionfromagivenproportion

4C1.Ratiosstillequalifmultipliedbyanumberoritsreciprocal

5.EstablishesDistributiveLawforsubtraction

6.ExtendsDistributiveLawforsubtraction

7.Extendsthesyntaxofequality

8.Introducesinequalityofratiosandtheirstablerelations

9.Converseof7,furtherextendssyntaxofequality

10.Converseof8,extendingsyntaxofinequality

11.Provesaxiom1inBookIappliestoratiosandproportions

12.Introducesoperationsonproportionsusingaddition

13.Extendssyntaxofinequality

14.Establishesexternalrelationsofratioswithinproportions

15.Establishesreductionofratiostolowestterms

16.Expandsoperationsbetweenratiosinproportions

17.Establishessubtractionofunity

18.Converseof17,establishesadditionofunity

19.Extendsoperationsonproportionsusingsubtraction

20.Introducesoperationsbetweenproportions

21.Furtherextendstheconceptsof20

22.Showstransitivenatureofproportionbetweenproportions

23.Furtherextendsconceptsof22

24.Establishesadditionandsubtractionofcommondenominators

24.C.1Makes24general

25.Extendsuseofinequalities

Euclid'sachievementhereistocreatearealmofnumberina

geometrywithoutnumber.Hecannowestablishproportional

relationsbetweengeometricfiguresandoperateonthose

proportionsmathematically.
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Euclid-BookVI

Definitions

d.6.1.Similarrectilinealfiguresareequiangularandhave

proportionalsidesaboutthoseangles.

d.6.2.Tworeciprocaltrianglesorparallelograms(A,B)havesides

abouttheiranglessuchthat

side1ofA:side1ofB::side2ofB:side2ofA

d.6.3.Alineiscutintoextremeandmeanratiowhen

whole:greatersegment::greater:lesser

d.6.4.Thealtitudeofafigureisthelinefromitsvertex,

perpendiculartoitsbase.
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Propositions

Proposition1.Theorem

∆sor‖gmsofsamealtitude

(alt)haveareasintheratio

oftheirbases.

Proof

∆ABC,ACD‖gmEC,CF:altequal

BD(pr):BG=GH=BCDJ=JK=KL=CD JoinA[G,H,K,L]

∴∆ABC=∆AGB=∆AHG(1.38)

∴∀n:HC=nBC⇒∆AHC=n∆ABC

Sym.∀m:CL=mCD⇒∆ACL=m∆ACD

∴ HC>=<CL⇒∆AHC>=<∆ACL

∴BC:CD::∆ABC:∆ACD(d.5.5)

‖gmCE,CF=2∆ABC,ACD(1.41)

∴‖gmEC:‖gmCF::∆ABC:∆ACD

∴‖gmEC:‖gmCF::BC:CD(5.11)

Corollary1.

alt∆=alt‖gm∴area∆:area‖gm::base∆:base‖gm(1.33,28,6.1)

Note:Theargumentsofproofsbegintocontainabitmorelogic.

Line4:"Foranyn,ifHC=nBCthen∆AHC=n∆ABC"

Problems

21.Theorem D

Indiagramof4.10,one∆ismeanproportionalofother2∆.

22.Problem

Given:∀∆ABC

Required:∀Oin∆;∆OAB=∆OBC=∆OCA

23.Theorem *

∀eqS∆ABC∀Oin∆ OP,OQ,QR⊥BC,CA,AB

Then∑O[P,Q,R]constant
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ThisisthemostpowerfulandthemostdifficultbookofEuclid.The

argumentsarealwaysintermsofproportionsandratiosandthey

leverageallofthefirstfivebooks.LearnhowtouseBookV.That's

wherethepowercomesfrom.Insomeproblemstheywillaskyou

toshowsomerelationlike"parallel"exists,usingproportions.

Don'tbeatyourbrainsoutifnothingcomestoyou.Learnfromthe

solutionandcarryon,keepingcalm.

Proposition2.Theorem

∀∆ABC∀DE‖BC×AB(pr),AC(pr)@D,E∴BD:DA::CE:EA

andconversely.

Proof

1)DE‖BC

JoinBE,CD

∴∆BDE≡∆CDE(1.37)

∴∆BDE:∆ADE::∆CDE:∆ADE(5.7)

∆BDE:∆ADE::BD:DA(6.1)

Sym.∆CDE:∆ADE::CE:EA

∴BD:DA::CE:EA

2)Conversely,BD:DA::CE:EA

∴BD:DA::∆BDE:∆ADE CE:EA::∆CDE:∆ADE(6.1)

∴∆BDE:∆ADE::∆CDE:∆ADE(5.11)∴∆BDE=∆CDE(5.9)

∆BDE,CDEsamesideDE∴DE‖BC(1.39)

Problems

24.Theorem

∀∆ABC∀D∈BCDE,DF‖AB,AC×AB,AC@E,F

Then∆BFD:∆AFE::∆AFE:∆EDC

25.Theorem

∀∆CAB,DAB∀E∈ABEF,EG‖AC,AD×BC,BD@F,GthenFG‖CD

26.Theorem

∀∆ABC∀K∈ABKL,KM‖AC,BC×BC,AC@L,M KC×LM@O

ThenOonfixedline
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27.Theorem

∀∆ABCBD×/2∠B×AD⊥BD@D ED‖BC×AC@E

ThenEmdptAC

28.Theorem

∀∆ABC∀DE‖BC×AB,AC@D,EBE×CD@Fthen∆ADF=∆AEF

29.Theorem

∀∆ABC∀DE‖BC×AB,AC@D,EBE×CD@F

ThenAF(pr)×/2BC(@H)

30.Theorem

∀4-gonABCD:AB‖DC(AB>DC)EF‖AB×AD,BC@E,F

ThenDE:EA::CF:FB

31.Problem *

Given:∀∆ABC

Required:P∈AB(pr):PS×AC(pr)@SBC×/2PS

Proposition3.Theorem

∀∆ABC:AD×/2∠A×BC@D⇒

BD:DC::BA:ACandconversely

Proof

1)AD×/2∠A

CE‖AD×BA(pr)@E(1.31)

AC×‖(AD,EC)∴∠ACE=∠CAD(1.29)

∠CAD=∠BAD(hyp)∴∠BAD=∠ACE

BE×‖(AD,EC)∴∠BAD=∠AEC(1.29)

∠BAD=∠ACE∴∠ACE=∠AEC∴AC=AE(1.6)

∆BCE:DA‖CE∴BD:DC::BA:AE(6.2)

AE=AC∴BD:DC::BA:AC(5.7)

2)BD:DC::BA:ACJoinAD

BD:DC::BA:AC∴BD:DC::BA:AE(6.2)

AD‖EC(con)∴BA:AC::BA:AE(5.11)∴AC=AE(5.9)

∴∠AEC=∠ACE(1.5)

∠AEC=∠BAD(1.29)∠ACE=∠CAD(1.29)

∴∠BAD=∠CAD∴AD×/2∠A(∠BAC)
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PropositionA.Theorem(Simson's)

∀∆ABC:BA(pr)to∀EAD×/2ext∠A(∠CAE)⇒

BD:DC::BA:ACandconversely

Proof

1)AD×/2ext∠A

CF‖AD×AB@F(1.31)

AC×‖(AD,FC)∴∠ACF=∠CAD(1.29)

∠CAD=∠DAE(hyp)∴∠DAE=∠ACF

FE×‖(AD,FC)∴∠DAE=∠AFC(1.29)

∠DAE=∠ACF∴∠ACF=∠AFC∴AC=AF(1.6)

∆BCF:CF‖AD∴BD:DC::BA:AF(6.2)

AF=AC∴BD:DC::BA:AC(5.7)

2)BD:DC::BA:ACw/sameconstruction

∴BD:DC::BA:AF(6.2)∴BA:AC::BA:AF(5.11)

∴AC=AF(5.9)∴∠ACF=∠AFC(1.5)

∠AFC=∠DAE(1.29)∠ACF=∠CAD(1.29)∴∠CAD=∠DAE

∴AD×/2∠CAE(ext∠A)

Problems

32.Theorem

∀∆ABCDmdptBCDE,DF×/2∠ADB,ADC×AB,AC@E,F

ThenEF‖BC

33.Theorem

∀⊙diamAB∀chordCD⊥AB∀E∈CD AE(pr),BE(pr)×⊙ @F,G

Then4-gonCFDG:DG:DF::GC:FC

34.Theorem

∀⊙diamAB∀P∈⊙ JoinP[A,B]∀PC,PD:PA×/2∠CPD C,D∈AB(pr)

ThenAC:BC::AD:BD

35.Problem *

Given:∀ABRequired:×/3ABusing6.3

36.Problem *

Given:∀AB∀D∈AB

Required:P∈AB(pr):PA:PB::DA:DB
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37.Theorem D

∠BAC=∠CAD=∠DAE=½∟ BE×AC,AD@C,D:∆ABE≡isos∆

ThenBE:BC::BC:CD

38.Theorem

∀∆ABCAD×/2∠AxBC@DOmdptBC

ThenOD:OB::AB-AC:AB+AC

39.Theorem *

∀∆ABCAD,AE×/2∠A,ext∠A×BC(pr)@D,EOmdptBC

ThenOD:OB::OB:OE

40.Theorem D,*

∀∆ABCD,E,F∈BC,CA,AB:

DF,DE;ED,EF;FE,FDmakeequal∠ w/BC,CA,AB

ThenAD,BE,CF⊥BC,CA,AB

Proposition4.Theorem

∀∆ABCeq∠∀∆DCEthensideson

equal∠sareproportional

Proof

With∆sasindiagram:

∠BCA=∠CED(hyp)

∴∠ABC+∠BCA=∠CED+∠ABC<2∟ (1.17)

∴BA×ED@F(a.12)

∠ABC=∠DCE(hyp)∴BF‖CD Sym.AC‖FE

∴FACD≡‖gm∴AF=CDAC=FD(1.34)

∆FBE:AC‖FE∴BA:AF::BC:CE(6.2)

AF=CD∴BA:CD::BC:CE(5.7)∴AB:BC::DC:CE(5.16)

Sym.BC:CA::CE:ED

AB:BC::DC:DE(proven)BA:CA::CE:ED∴BA:AC::CD:DE(5.22)

Note:HereEuclidshowssidesproportionalonapex∠s.Hecallsthe

thirdsideshere(BC,CE)homologous.Allthismeansisthatiftwo

eq∠∆sareorientedinthesameway,thenthematchingsidesare

homologous.Theimportantideain6.4isthatiftwotrianglesare

equiangularthentheyarealwayssimilarand,by6.5,conversely.

Thisisnottrueofotherfigures.
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Proposition5.Theorem

∀∆ABC,DEF:sidesproportionalasin

6.4⇒∆ABCeq∠∆DEF

Proof

∠FEG,EFG=∠ABC,BCA(1.23)

∴∠EGF=∠BAC(1.32)

∴∆ABCeq∠∆GEF∴AB:BC::GE:EF(6.4)

AB:BC::DE:EF(hyp)∴DE:EF::GE:EF(5.11)∴DE=GE(5.9)Sym.DF=GF

∆DEF,GEF:DE=GEDF=GFEF=EF∴∆DEFeq∠∆GEF(1.8,1.4)

∆GEFeq∠∆ABC(con)∴∆DEFeq∠∆ABC

Note:6.5istheconverseof6.4

Proposition6.Theorem

∀∆ABC,DEF:∠A=∠D,

BA:AC::ED:DF⇒∆ABCeq∠∆DEF

Proof

∠FDG,DFG=∠BAC,ACB(1.23)

∴∠G=∠B(1.32)∴∆ABCeq∠∆DGF∴BA:AC::GD:DF(6.4)

BA:AC::ED:DF(hyp)∴ED:DF::GD:DF(5.11)∴ED=GD(5.9)

∴∆EDF≡∆GDF(1.4)∴∠DFG,G=∠DFE,E

∠DFG=∠C(con)∠A=∠D(hyp)∴∠C,B=∠DFE,E

∴∆ABCeq∠∆DEF

Note:In6.6,thesidesaroundtheequalanglesareproportional.In

6.7,thesidesaroundeitherofthenothypotheticallyequalangles

willbeproportional.Andin∆,iftwo∠ areequal,soisthethird.

Recallthatfiguresaresimilar(~)iftheyareequiangular(eq∠)and

theirsidesareproportional.Andeq∠∆sarealwayssimilar.(6.4)

Problems

41.Theorem

∀∆ABC,DEF:baseAB=baseDEAE‖CF

∀KN‖AE×AC,BC,DF,EF@K,L,M,Nthen∆CKL=∆FMN

42.Theorem

AB‖DCEmdptDCAC,AE×BE,BD@F,GthenFG‖AB
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43.Theorem

∀AC,∀fixedA,B,C∈AC,∀MNC:AM,BN⊥MC

ThenBN:AMconstant.

44.Theorem

∀A,B∀MN⋅|⋅(A,B)×AB@CAM,BN⊥MN:AM:BNfixed

ThenCfixed.

45.Problem *

Given:∀A,B,CratioAF:CG:BH

Required:DE:AF,CG,BH⊥DEingivenratio.

46.Problem *

Given:∀A,B,C∀ratio

Required:lineEF:AM,BN⊥EFw/CM:CNingivenratio

47.Theorem D

∀⊙DAEtanDB‖tanECtanBAC×BD,CE@B,CBE×DC@F

ThenAF‖DB

48.Theorem

∀4-gonABCD:AB=2CD AB‖CDthenAC×/3BD

49.Theorem

∀∆ABCD,E∈AB,AC:BD=CEDE×BC@FthenAB:AC::EF:DF

50.Theorem

∀P,Q∀AB,CD:AB‖CD ∀PM×AB@M QN‖PM×CD@N

Then1)PM:QNconstantand2)MNonfixedpoint

51.Theorem

∀⊙CA,B∈⊙Ctan@A×tan@B@TAN⊥CB×CB@N

ThenBT:BC::BN:NA

52.Theorem D

∀∆ABC∀D∈BC:A,C,D∈⊙PA,B,D∈⊙QthenPA:QA::AC:AB

53.Theorem

APB‖CQD:AP:PB::DQ:QCthenPQ,AC,BDconcur(meet@point)

54.Theorem

∀∆ABCAC(pr)toD:CD=ACJoinBD MN‖AB×AC,BC@M,N

MP,NQ‖BD×AB@P,QthenPA=QB
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55.Theorem

∀rect∟ABDC∀∆EAB~∆AFC:AE,AFhomologous(seehint)

EM,FN⊥AB,AC×AB,AC@M,N EM×FN@PthenP∈AD

56.Theorem D

Indiagram1.43,GE(pr)×HF(pr)∈ CA(pr)

57.Problem *

Given:∀∆ABC

Required:Oin∆:⊥ fromOtoBC,CA,ABinratioofX:Y:Z

58.Theorem D

∀⊙A×⊙B,⊙C@R,SthenRS×BC@fixedpointT

59.Theorem

∀reg.5-gonABCDEAD×BE@OthenAO::AE::AE::AD

60.Theorem

∀‖gmABCD∀P,Q∈∀PQ‖ABPA,PB×QB,QC@R,SthenRS‖AD

61.Theorem *

∀∆ABCDmdptBC∀P∈ADmed∠ABPE,CPF×AC,AB@E,F

ThenEF‖BC

62.Theorem *

∀⊙O,diamABEmdptOB⊙S,diamAE⊙T,diamEB

commontanPQL×⊙S,⊙T,AB(pr)@P,Q,L

ThenBL=radius⊙T

63.Theorem *

∀A,B,CD AC,BD⊥CD AD×BC@EEF⊥CD×CD@F

Then∠AFC=∠BFD

64.Theorem *

∀‖gmABCD AC×BD@O AE,CG⊥BD BF,DH⊥AC

Then‖gmEFGH~‖gmABCD

Wearegoingtomovethingsupanotch.Youhavethemost

importanttoolsfromBookVIalready.Theremainderofthe

problemsuseonlysomeoftheremainingpropositions.Sowewill

followTodhunter'sleadandfinishupwithtwobigclumpsof

propositions,eachfollowedbyabigclumpofproblems.Createa

synopsisoftheresultsofthepropositionsandthenworkonthe

problems.



40

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Youhavedonesomanyproofsandstudiedsomanypropositions

bynowthatyouwon'tgetthatmuchoutofintenselystudyingthe

remainingpropositions.Learnwhattheydoandhowtheydoitand

thengofortheproblems.

Proposition7.Theorem

∀∆ABC,DEF:∠A=∠D,

AB:BC::DE:EF⇒∆ABCeq∠∆DEF

Proof

1)∠Cor∠F<∟ (1stdiagram)

Else∠ABC≠∠DEF⇒∠ABC>∠DEF

∠ABG =∠DEF(1.23)

∠A=∠D(hyp)∠ABG=∠DEF(con)∴∠AGB=∠DFE(1.32)

∴∆ABGeq∠∆DEF∴AB:BG::DE:EF(6.4)

AB:BC::DE:EF(hyp)∴AB:BC::AB:BG(5.11)∴BC=BG(5.9)

∴∠BCG=∠BGC(1.5)

∠BCG<∟ (hyp)∴∠BGC<∟

∴∠AGB>∟(1.13)

∠AGB=∠F∴∠F>∟↴ (hyp)

∴∠ABC=∠DEF∴∆ABCeq∠∆DEF

2)∠Cor∠F≥ ∠ (sameconstruction)

Sym.w/1)BC=BG∴∠BCG=∠BGC

∠BCG≥ ∟(hyp)∴∠BGC≥ ∟

∴∆BCG:∠G+∠C>2∟↴ (1.17)

∴∆ABCeq∠∆DEF

3)∠Cor∠F=∟ (2ddiagram)

∆ABC!eq∠∆DEF⇒∠ABG=∠DEF(1.23)

Sym.w/1)BC=BG∴∠BCG=∠BGC(1.5)

∠BCG=∟ (hyp)∴∠BGC=∟

∴∆BGC:∠C+∠G=2∟↴ (1.17)

∴∆ABCeq∠∆DEF
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Proposition8.Theorem

∀⊿ABC:∟AADalt∠A

Then∆ABC~∆DBA~∆DAC

Proof

∟BAC=∟BDA

∠B∈∆ABC,DBA

∴∠ACB=∠DAB(1.32)

∴∆ABC~∆DABSym.∆ABC~∆DAC

∴∆ABC~∆DAB~∆DAC

Corollary1.

∆DBA,DAC:BD:DA:DA:DC

∆ABC,DBA:BC:BA:BA:BD

∆ABC,DAC:BC:CA:CA:CD

∴1)alton∟ ismeanproportionalbetweenbasesegments;and

2)eachsideismeanproportionalbetweenbaseandadjacent

segmentofbase.

Proposition9.Problem

Given:∀AB∀n∈N

Required:AE∈AB:AE=AB/n

Method

∀∠BAC∀D∈AC

C:AC=n×AD

JoinBCDE‖BC

AErequired

Proof

∆ABC:BC‖DE

∴CD:DA::BE:EA(6.2)

∴CA:AD::BA:AE(5.18)

CA=nAD

∴BA=nAE(5.D)

∴AE=AB/n
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Proposition10.Problem

Given:∀AB,AC:ACdividedintoparts

Required:DivideABintosimilarparts

Method

ACdivided@∀D,E∀∠BAC

JoinBCDF,EG‖BC×AB@F,G

F,G∈ABrequired

Proof

DHK‖AB×GE,BC@H,K(1.31)∴FH,HB≡‖gm

∴DH=FGHK=GB(1.34)

∆DKCHE‖KC(con)∴KH:HD::CE:ED(6.2)

DH=FGHK=GB∴KH:BG::HD:GF∴BG:GF::CE:ED(5.7)

∆AGEFD‖GE(con)∴GF:FA::ED:DA(6.2)

∴BG:GF:CE:EDGF:FA:ED:DA

Proposition11.Problem

Given:∀AB,AC:AB<AC

Required:CE:AB:AC::AC:CE

Method/Proof

∀∠BACAB(pr),AC(pr)toD,∀F:BD=AC

DE‖BC×AF@ECErequired

∆ADEBC‖DE(con)∴AB:BD::AC:CE(6.2)

BD=AC(con)∴AB:AC::AC:CE(5.7)

Proposition12.Problem

Given:linesA,B,C

Required:4thproportional

Method/Proof

∀∠EDF:DG,GE,DH=A,B,C

EF‖GH ∴HFrequired

∆DEF:GH‖EF∴DG:GE::DH:HF(6.2)

DG=A,GE=B,DH=C∴A:B::C:HF(5.7)
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Proposition13.Problem

Given:∀AB,BC

Required:BD:AB:BD::BD:BC

Method

AB,BConelineABC

semi⊙ADConAC

BD⊥AC×semi⊙ @D

BDrequired

Proof

JoinD[A,C]∴∠ADC=∟ (3.31)

∴AB:BD:BD:BC(6.8.C1)

Proposition14.Theorem

Equal‖gmsw/oneequal∠⇒sidesonequal∠ proportional

andconversely.

Proof

1)equal‖gmsequal∠s

‖gmAB=‖gmBC

∠FBD=∠EBG

DBEcolinear∴FBGcolinear(1.14)

Add‖FE

‖gmAB=‖gmBC(hyp)∴FE≡‖gm

∴‖gmAB:‖gmFE::‖gmBC:‖gmFE(5.7)

‖gmAB:‖gmFE::DB:BE‖gmBC:‖gmFE::GB:BF(6.1)

∴DB:BE::GB:BF(5.11)

2)∠FBD=∠EBG DB:BE::GB:BFw/sameconstruction

DB:BE::GB:BF(hyp)

∴DB:BE::‖gmAB:‖gmFE GB:BF::‖gmBC:‖gmFE(6.1)

∴‖gmAB:‖gmFE::‖gmBC:‖gmFE(5.11)

∴‖gmAB=‖gmBC(5.9)
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Proposition15.Theorem

Equal∆sw/oneequal∠⇒sideson

equal∠ proportionalandconversely.

1)equal∆sw/oneequal∠

∆ABC=∆ADE∠BAC=∠DAE

w/CADcolinear

∴ EABcolinear(1.14)JoinBD

∆ABC=∆ADE∴∆ABC:∆ABD::∆ADE:∆ABD(5.7)

∆ABC:∆ABD::CA:AD(6.1)

∆ADE:∆ABD::EA:AB(6.1)

∴CA:AD::EA:AB(5.11)

2)CA:AD::EA:ABw/sameconstruction

CA:AD::EA:AB(hyp)

CA:AD::∆ABC:∆ABD(6.1)

EA:AB::∆ADE:∆ABD(6.1)

∴∆ABC:∆ABD::∆ADE:∆ABD∴∆ABC=∆ADE

Proposition16.Theorem

LinesAB:CD:E:F⇒AB•F=CD•E

andconversely

Proof

1)AB:CD:E:F

AG,CH⊥AB,CD:AG=F,CH=E(1.11,3)

Complete‖gmsBG,DH(1.31)

AB:CD::E:F(hyp)∴AB:CD::CH:AG(5.7)

∴‖gmBG=‖gmDH(6.14)

∴AB•F=CD•E

2)AB•F=CD•Ew/sameconstruction

∴‖gmBG=‖gmDH(con)

∴‖gmBGeq∠ ‖DH(con)∴‖gmBG~‖gmDH(6.14)

∴AB:CD::CH:AG∴AB:CD::E:F(con)

Note:Thisworksbecausethe‖gmsarerect∟s.
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Proposition17.Theorem

LinesA:B::B:C⇒A•C=B²and

conversely

Proof

1)A:B::B:C

∀D=B∴A:B::D:C(5.7)

constructionasin6.16

∴A•C=B•D(6.16)∴A•C=B•B=B²

2)A•C=B²w/sameconstruction

∴A•C=B•D∴A:B::D:C(6.16)

B=D∴A:B::B:C

Note:KeepinmindthatinEuclid∀A•Bisarect∟ withsidesequal

toAandB.And∀B²isasquarewithsidesequaltoB.InEuclid,

thesearenotnumbers;theyaremagnitudes.

Proposition18.Problem

Given:∀AB,∀rectilinealfigure

Required:similarfigureonAB

w/sameorientation

1)4-gonCDEF

Method

JoinDF∠BAG=∠DCF(1.23)

∠ABG=∠CDF(1.23)

∴∆AGB~∆CFD(1.32)

∠GBH=∠FDE(1.23)

∠BGH=∠DFE(1.23)

∴∆BHG~∆DEF(1.32)

Proof

∠AGB=∠CFD ∠BGH=∠DFE(con)∴∠AGH=∠CFE(a.2)

Sym.∠ABH,BAG,BHG=∠CDE,DCF,DEF∴ABHGeq∠ CDEF

∆BAG~∆DCF(con)∴BA:AG::DC:CF(6.4)

Sym.AG:GB::CF:FD BG:GH::DF:FE

∴AG:GH::CF:FE(5.22)Sym.AB:BH::CD:DE

GH:HB::FE:ED(6.4)∴ABHG~CDEF(d.6.1) [cont'd]
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2)5-gonCDKEF

Method

JoinDE

ABHG~CDEF(asabove)

∠HBL=∠EDK(1.23)

∠BHL=∠DEK(1.23)

∴∠L=∠K(1.32)

Proof

ABHG~CDEF∠ABH=∠CDE(d.6.1)∠HBL=∠EDK(con)

∴∠ABL=∠CDK(a.2)Sym.∠GHL=∠FEK

∴CDKEFeq∠ ABLHG

ABHG~CDEF(proven)∴AB:BH::CD:DE(d.6.1)

BH:BL::DE:DK(6.4)∴AB:BL::CD:DK(5.22)Sym.GH:HL::FE:EK

BL:LH::DK:KE(6.4)∴ABLHG~CDKEF(6.1)

3)Bythesamemethod,for∀n,asimilarn-goncanbeconstructed.

Problems

65.Theorem

∀⊙O,diamCAx∀⊙P,diamDE@B

commontanCD×⊙O,⊙P@C,DthenDE:DC::DC:CA

66.Problem *

Given:arcEDK∈⊙EDKG,∀ratio

Required:L∈EDK:chordEL:chordLK=ratio

67.Theorem

∀⊙C∀Ain⊙CCA(pr)toB:CA:radius⊙C::radius⊙C:CB

Then∀P∈⊙C∠CPA=∠CBP

68.Theorem

∀∆ABCADalt∠ABD:BA::BA:BCthen∠A=∟

69.Theorem

∀∆ABCADalt∠ABD:AD:AD:CDthen∠A=∟

70.Theorem

∀⊙C,diamABtanAS‖tanBT:tanSPT×AS,⊙,BT@S,P,T

Then∀PSP•PTconstant
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71.Problem

Given:∀∆ABC

Required:FD‖AB×AC,BC@D,F:FB:FD::FD:FC

72.Theorem D

∀⊿ACB∟CAE,BD⊥AB×BC(pr),AC(pr)@E,Dthen∆ECD=∆ACB

73.Theorem

∀∆ABCBE×/2∠B×AE‖BC,CF‖AB@E,Fthen∆CBE=∆ABF

74.Theorem

∀cyclic4-gonABCD AC×BD@O

Then∆AOD~∆BOC∆COD~∆BOA

75.Theorem *

∀⊙ACBD chordAB×chordCD@O ∀chordEF‖AB

CE,DF,DE,CF×AB(pr)@G,H,K,LthenOG•OH=OK•OL

76.Problem *

Given:∀∆ABC

Required:D∈AB:ifDE‖BC×AC@Ethen∆ADE=∆BDC

77.Theorem D

∀⊿ABC∟CinscribedsquareDFGE:DE∈ABF∈AC

ThenDE²=AD•BE

78.Theorem

∀∆ABCw/en⊙ AD×BC@∀D AE×en⊙ @E:∠ACE=∠ADB

ThenAC•AB=AD•AE

79.Theorem

∀‖gmABCD∀BE×AC,DC,AD(pr)@F,G,EthenEF•FG=BF²

80.Theorem

∀∆ABCAD×/2∠C×AB@D AD(pr)toE:CD•CE=AC•CB

Thenif∠C,ABfixed,Efixed

81.Theorem *

∀cyclic4-gonABCD CE,DE×/2∠ACB,ADB×BD,AC@F,G

ThenEF:EG::ED:EC

82.Theorem

∀isos∆ABCw/en⊙ AE×/2∠A×BC,en⊙ @D,E

ThenDA•AE=AB²
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Proposition19isalittletrickytomakesenseof.Euclidsays,

"Similartrianglesaretooneanotherintheduplicateratiooftheir

homologoussides."Intheproposition,hestatestherelationofthe

sideson∠B,E,makingthesidesBC,EFhomologousbydefinition.

AB,DEarealsohomologousandsoareCA,FDbecause∆ABCisin

thesameorientationas∆DEF.Whenyouorienttwofiguresinthe

sameway,thematchingsidesarehomologous.Soyoucoulddo

thisprooffromanyangle,usingthesidesaboutthatangle.

DuplicateratioisA:B::B:C.WewillhaveBC:EF::EF::XYwhereXYwill

besomethirdproportionintheduplicateratio.Thenw.r.tarea:

∆ABC:∆DEF::BC:XY

Proposition19.Theorem

∀∆ABC,DEF:∆ABC~∆DEF∠B=∠EAB:BC::DE:EF

∴BC,EFhomologous:BC:EF::EF:XY⇒∆ABC:∆DEF::BC:XY

Proof

BG:G∈BCBC:EF::EF:BG(6.11)

JoinAG AB:BC:DE:EF(hyp)

∴AB:DE::BC:EF(5.16)

BC:EF::EF:BG(con)

∴AB:DE::EF:BG(5.11)

∴∆ABG=∆DEF(6.15)

BC:EF::EF:BG ∆ABC:∆ABG::BC:BG(6.1)∆ABG=∆DEF

∴∆ABC:∆DEF::BC:BG

(whereBGequalsourXYas3dproportionalofduplicateratio)

Corollary1

∀AB,CD,EF:AB:CD::CD:EF⇒∀∆PAB~∀∆QCD,

∆PAB:∆QCD::AB:EF

Note:BookVIpropositionsalmostallhavetheform:

geometricrelation⇔proportion

Theyimplyeachother.Soifyouhaveone,youhavetheother.
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Proposition20.Theorem

Similarn-gons1)are

divisibleintothesame

similartrianglesand2)

aretoeachotherasthe

duplicateratiooftheir

homologoussides.

Proof

1)ABCDE~FGHKL

JoinBE,EC,GL,LH

ABCDE~FGHKL∴∠BAE=∠GFLBA:AE::GF:FL(d.6.1)

∆ABE~∆FGL(6.66.4)∴∠ABE=∠FGL

n-gonssimilar(hyp)∴∠ABC=∠FGH(d.6.1)∴∠EBC=∠LGH(a.3)

∆ABE~∆FGL∴EB:BA::LG:GF

n-gonssimilar∴AB:BC::FG:GH

∴EB:BC::LG:GH(5.22)∴∆EBC~∆LGH Sym.∆ECD~∆LHK

∴n-gonsdivisibleintosamesimilar∆s

2)∆ABE~∆FGL∴∆ABE:∆FGLinduplicateratioofEB:LG(5.19)

∆EBC~∆LGH∴∆EBC:∆LGHinduplicateratioofEB:LG(5.19)

∴∆ABE:∆FGL::∆EBC:∆LGH(5.11)

∆EBC~∆LGH∴∆EBC:∆LGHinduplicateratioofEC:LH(5.19)

∆ECD~∆LHK∴∆ECD:∆LHKinduplicateratioofEC:LH(5.19)

∴∆EBC:∆LGH::∆ECD:∆LHK(5.11)

∴∆ABE:∆FGL::∆EBC:∆LGH::∆ECD:∆LHK(5.11)

∴∆ABE:∆FGL::ABCDE:FGHKL(5.12)

∴ABCDE:FGHKLinduplicateratioofAB:FG

Note:Orinduplicateratioofanytwohomologoussidesofeither

then-gonsoroftwooftheirmatchingtrianglesasallareinthe

samerelation.Moreimportantly,thispropositionallowsEuclidto

relatetheareasofanysimilarn-gons.

Corollary1.

Sym.bythesamemethod,thesameistrueofn-gonsfor∀n∈N.

Corollary2.

∀AB:CD::CD:EFthenAB:EF::n-gononAB:similarn-gononCD
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Proposition21.Theorem

∀n-gonsA,B,Cn≥3:A~CB~C⇒ A~B

Proof

A~C∴Aeq∠Candsidesonequal

anglesproportional

B~C∴Beq∠Candsidesonequal

anglesproportional

∴Aeq∠ B(a.1)andsidesonequalanglesproportional(5.11)

∴A~B(d.6.1)

Proposition22.Theorem

AB:CD::EF:GH:similarfiguresonAB,CD,anyothersimilarfigureson

EF:GH⇒ figAB:figCD::figEF:figGHandconversely

Proof

1)AB:CD::EF:GHKAB~LCD MF~NH

X,O:AB:CD::CD:XEF:GH::GH:O(con)

∴CD:X::GH:O(5.11)

AB:CD::EF:GH(hyp)

∴AB:X::EF:O(5.22)

AB:X::KAB:LCD(6.20.C2)

EF:O::MF:NH(6.20.C2)

∴KAB:LCD::MF:NH(5.11)

2)KAB:LCD::MF:NH

PR:AB:CD::EF:PR SR~NH(6.18)

AB:CD::EF:PRKAB~LCD MF~SR

∴KAB:LCD::MF:SR(from1)

KAB:LCD::MF:NH(hyp)∴MF:SR::MF:NH(5.11)∴SR=NH(5.9)

SR~NH∴PR=GH

AB:CD::EF:PRPR=GH∴AB:CD::EF:GH
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Proposition23.Theorem

∀‖gmAC,CF:ACeq∠ CF⇒AC:CF=compoundratiooftheirsides

Proof

‖gmADCB,CGEF:∠BCD=∠ECG

BC,CGoneline∴DC,CEoneline(1.14)

Complete‖gmDG

∀K,L,M:K:L::BC:CGL:M::DC:CE(6.22)

∴K:L::L:M=BC:CG::DC:CE

∴K:L::L:M=ratiosofsides

∴K:M=compoundratioof‖gmsides

‖gmAC:‖gmCH::BC:CG(6.1)::K:L(con)∴‖gmAC:‖gmCH::K:L

‖gmCH:‖gmCF::DC:CE(6.1)::L:M(con)∴‖gmCH:‖gmCF::L:M

∴‖gmAC:‖gmCF::K:M(5.22)=compoundratiooftheirsides

Note:Hereagain,EuclidusesA:B::B:Cforarea.Inourtermswe

haveareaAC/areaCF=K/Mwherethesearenumbers.K/Missome

r∈R.∴areaAC=r×areaCF.ButEuclidhasnonumbers.Sohis

resultisonlyforcomparingareas.

Proposition24.Theorem

∀‖gmsondiagonalof∀‖gmare

similartoe.oandtothewhole‖gm

Proof

‖gmEG,HK∈ACof‖gmABCD

DC‖GF∴∠ADC=∠AGF(1.29)

BC‖EF∴∠ABC=∠AEF(1.29)

∠BCD,EFG=∠BAD(1.34)

∴‖gmABCDeq∠ ‖gmAEFG

∆BAC,EAF:∠BAC=∠BAC∠ABC=∠AEF∴∆BACeq∠∆EAF(1.32)

∴AB:BC::AE:EF(6.4)

oppsides‖gmequal(1.34)

∴AB:AD::AE:AG DC:CB::GF:FECD:DA::FG:GA(5.7)

∴ABCD~AEFG(d.6.1)Sym.ABCD~FHCK∴AEFG~FHCK(6.21)
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Proposition25.Problem

Given:tworectilinealfiguresABC,D

Required:figureKGH:KGH~ABCKGH=D

Method

‖gmBCEL=ABC

‖gmCEMF=D:

∠FCE=∠CBL(1.45.C1)

∴BC,CF;LE,EMcolinear

GH:BC:GH::GH:CF(6.13)

KGH~ABC(6.18)required

Proof

BC:GH::GH:CF(con)∴‖gmBC:‖gmCF::ABC:KGH(6.20.C2)

BC:CF::‖gmBE:‖gmCM(6.1)∴ABC:KGH::BE:CM(5.11)

ABC=CE∴KGH=CM=D(con)

∴KGH~ABCKGH=D

Note:Frompreviouspropositionsweknowthismethodwillwork

foranytwogivenn-gons.

Proposition26.Theorem

∀2‖gmsw/common∠ andsameorientation

⇒‖gms∈samediagonal

Proof

‖gmABCD,AEFGcommon∠A

∴AF∈AC

Else‖gmBDdiagonalAHC≠AFC

GF×AHC@H HK‖ADxAB@K

∴diagonalAHC∈ABCD,AKHG

∴ABCD~AKHG(6.24)∴DA:AB::GA:AK

ABCD~AEFG(hyp)∴DA:AB:GA:AE∴GA:AK::GA:AE(5.11)

∴AE=AK↴ (greater=lesser)∴AF∈AC

Euclidswritteninourwesterncivilizationomitpropositions6.27,

6.28,and6.29.Ifyoulookthemup,youwillseewhy.Theyarean

exampleofhowtheproblemsofoneculturemayhavenomeaning

foranotherculture.Itcouldbethatthesewereveryimportant,
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perhapsfortempleconstruction.Butourmindsareunableto

makemeaningfulsenseoftheseGreekrelations.Thatdoesnot

makethemorusstupider.Wearesimplydifferentinourthinking.

Proposition30.Problem

Given:∀AB

Required:C:AB:AC::AC:CB

Method/Proof

C∈AB:AB:BC=AC²(2.11)

∴AB:AC::AC:CB(6.17)

Note:Euclidcallsthistheextremeandmeanratio.

Proposition31.Theorem

∀⊿ABC∟Aw/similarfigureson

AB,BC,CA⇒figBC=figAB+figAC

Proof

ADalt∠A(1.12)∴⊿ABD,CAD~⊿CBA

⊿CBA~⊿ABD∴CB:BA::BA:BD(d.6.1)

∴CB:BD::figBC:figAB(6.20.C2)

∴BD:BC::figAB:figBC(5.B)

Sym.CD:BC::figAC:figBC

∴BD+DC:BC::figAB+figAC:figBC(5.24)

∴BC:BC::figAB+figAC:figBC∴figAB+figAC=figBC(5.A)

Proposition32.Theorem

∀∆ABC,DCE:BA:AC::CD:DEAB,AC‖DC,DE

∠A=∠D⇒BC,CEcolinear

Proof

AC×‖(AB,DC)∴∠BAC=∠ACD(1.29)

Sym.∠ACD=∠CDE∴∠BAC=∠CDE

∠A=∠D BA:AC::CD:DE(hyp)∴∆ABC~∆DCE(6.6)∴∠ABC=∠DCE

∠BAC=∠ACD∴∠ACE=∠ABC+∠BAC

∴∠ACB+∠ACE=∠ABC+∠BAC+∠ACB

∴∠ACB+∠ACE=2∟ (1.32)∴BCEcolinear
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Proposition33.Theorem

∀equal⊙s1)∠son⊙,∠s

oncenter,and2)sectorsin

sameratioastheirarcs.

Proof

1)⊙G=⊙H

arcBC=arcCK=arcKLarcEF=arcFM=arcMN

∴∠BGC=∠CGK=∠KGL(3.27)

∴∀n:BL=n×BC⇒∠BGL=n×∠BGC

Sym.∀m:EN=m×EF⇒∠EHN=m×∠EHF

∴arcBL>=<arcEN⇒∠BGL>=<∠EHN(3.27)

∴arcBC:arcEF::∠BGC:∠EHF(d.5.5)

∠BGC:∠EHF::∠BAC:∠EDF(5.15,3.20)

∴arcBC:arcEF::∠BGC:∠EHF::∠BAC:∠EDF

2)∀X,O∈arcBC,arcCK

∆BGC,CGK:BG,GC=CG,CK

∠BGC=∠CGK∴BC=CK(1.4)

arcBC=arcCK(con)

∴∠BXC=∠COK(3.27)

∴segmentBXC~segmentCOK(d.3.11)

BC=CK∴segmentBXC~segmentCOK(3.24,d.3.11)

∆BGC=∆CGK(proven)

∴sectorBGC=sectorCGK(a.2)=sectorKGL(sym.)

Sym.sectorEHF=sectorFHM=sectorMHN

∴∀n:arcBL=n×arcBC⇒sectorBGL=n×sectorBGC

Sym.∀m:arcEN=m×arcEF⇒sectorEHN=m×sectorEHF

∴arcBL>=<arcEN⇒sectorBGL>=<sectorEHN

∴arcBC:arcEF::sectorBGC:sectorEHF(d.5.5)

Note:Recallthatanystatement"X⇒Y"isread"ifXthenY."Andfor

"∀n:BL=n×BC",weread"ifforanyn,BListhemultiplenofBC."
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PropositionB.Theorem(Simson's)

∀∆ABCAD×/2∠A×BC@D⇒

AB•AC=BD•BC+AD²

Proof

en⊙ACB(4.5)AD(pr)toE∈en⊙ JoinEC

∠BAD=∠EAC(hyp)∠ABD=∠AEC(3.21)

∴∆BAD~∆EAC(1.32)∴BA:AD::EA:AC(6.4)

∴BA•AC=AD•EA(6.16)=ED•DA+AD²(2.3)

ED•DA=BD•DC(3.35)∴AB•AC=BD•DC+AD²

PropositionC.Theorem(Simson's)

∀∆ABCw/en⊙ ADalt∠A×BC@D⇒

AB•AC=AD•diam⊙ABC

Proof

diamAEJoinEC

∠BDA=∠ECA(3.31)∠ABD=∠AEC(3.21)

∴∆ABD~∆AEC∴BA:AD::EA:AC(6.4)

∴BA•AC=AD•EA(6.16)

PropositionD.Theorem(Simson's)

∀cyclic4-gonABCD JoinAC,BD⇒

AC•BD=AB•CD+AD•BC

Proof

∠ABE=∠DBC(1.23)

∴∠EBD+∠ABE=∠DBC+∠EBD

∴∠ABD=∠EBC(a.2)

∠BDA=∠BCE(3.21)∴∆ABD~∆EBC

∴AD:DB::EC:CB(6.4)∴AD•CB=DB•EC(6.16)

∠ABE=∠DBC(con)∠BAE=∠BDC(3.21)∴∆ABE~∆DBC

∴BA:AE::BD:DC(6.4)∴BA•DC=AE•BD(6.16)

∴AD•CB+BA•DC=DB•EC+AE•BD=BD•AC

Note:AE+EC=AC
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Problems

83.Theorem D,*

Indiagramof4.10,CF‖BD×AD@F(∴FB×/2∠ABD)

Then∆ACF:BCFD::BD:BA

84.Theorem

Indiagramof6.24,EG,HK×AF,CF@P,OthenEG‖KH

85.Problem

Given:∀∆ABC

Required:ED⊥AB:ED×/2∆ABC

86.Problem

Given:∀⊙A∀Bin⊙A∀ratio

Required:chordCBD:CB:BD=givenratio

87.Problem

Given:∀⊙A∀Boutside⊙A

Required:secantBCD:C,D∈⊙ABC=CD

88.Problem

Given:baseBC∠Arect∟AC•AB

Required:implied∆ (withoutusing1.3)

89.Theorem

∀eqS∆ABCw/en⊙ ∀P∈en⊙:P⋅|⋅(A,C)thenPB=PA+PC

90.Theorem

∀isos∆ABCBD,CD⊥AB,ACthenBC•AD=2(AB•DB)
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ProblemDiagrams

ForEuclidBookVI

21. 37.VerticalAB.Then3lines,

eachseparatedby45°,offofA.

JoinBEtomakeisos∆ABE.Label

C,D.

40.Draw∆ABC3-4linestall.

ThenAD,etc.⊥BC,etc.Thenjoin

∆DEF.Thisgivesyoutheequal

angles.Nowproveit.

47.Circlewith2‖tangents.

Drawthirdtangent×‖s.

LabelA-E.BE×DC@F.JoinAF.

52.⊙P×⊙Q@A,D.LineBDC.

JoinA[B,C]

56.

58.Make⊙Cmuchsmallerthan

⊙BtokeepTonpage.

72.Make∆ACBtwolinestall

andalmostanisos∆tokeepD,E

onthepage.

77.Drawthesquarefirst. 83.Sameas#21above.
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ProblemHints

1.Duplicateratioiscomposedofthesquaresofthevalues.This

comesfromdefinition5.10:

a:b::b:c∴a/b=b/c∴ac=b²or(a/b)²=a/c

Subduplicateisthesquareroot.Sym.triplicate,subtriplicate,etc.

Youshouldbeabletoshowfroma:b::b:c::c:dthat(a/b)³=a/d.

2.CompoundratioisdescribedinitsdefinitioninBookV.

3.Ifnumbersareinaratioofn:m,thefirstisn×somequantity

andthesecondism×thesamequantity.

4.Calculatetheduplicateratioof(a+c):(b+c)asanalgebraic

fraction.

5.9isto4aswhatistowhat?

6.Thenumbersbeingas2:3are2xand3x.

7.total:lesser::14:5

8.rateminutehand:ratehourhand::improperfraction:fraction

9.A+B=140andA-B:A::4:9

10.A+B:B+C::5:4andA=B-60etc.

11.barley,oats:b+3:t::8:5(Calculateind.)

12.x=cost/yardin10s.Thenthelengthsare10/xand13/x

13.x:y::x+y:42etc.

14.x-y:x+y::2:3etc.

15.x,y=numberofgallonsofbrandy,water.x+6:y+6::7:6etc.

16.Thefournumbersare5xand7x,3yand5y.

17.x,y=price/dozensherry,brandy.2x+1y=3dozen×78etc.

18.x:y=wheat:barley.10x+4y=costins.ofx+ybushels,etc.

19.5x,3xcircumferencesinyards.2x+280diff.ofropes.

20.LineABDC,AB=7,AD=20,trader's⊥ tackCE.JoinDE.

21.IfA:B::B:CthenBismeanproportionbetweenAandC.

22.Needaltofinner∆=⅓alt∆ABCfromallsides.

23.Striveabitandlookupthesolution.Learningexperience.

24.Usesidesasin#21.
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25.NeedCF:FB::DG:GB

26.Need3dlineonO‖sides.Thenproportions.

27.∆AFCFC‖DE6.2

28.Needtorelateboth∆to∆BDF

29.∆AFB=∆AFC(#28)Need∆BFH=∆CFH

30.Addlinefor∆andputa‖linethroughit.

31.Needdiagramlike6.2thatforcesBCto×/2aPS.

32.NeedAF:FC::AE:EB

33.6.3on∆DGC,DFC

34.Use6.3,6.AfortwoproportionswithCP:PD

35.∀magnitudeM:⊙A,M⊙B,2M

36.Solutionisalotlike#34.

37.Identifyequallinesand∠s.Then6.3and6.A.

38.6.3thenuseA-B:A+B::C-D:C+D

39.Line2insolutionof#38.

40.AD×FE@G DE(pr)to∀H Then6.A.Need∠GDB=∠GDC.

41.6.4#301.38

42.2proportionsby6.4.then‖by6.2.

43.6.4

44.Variantof#43.

45.Newkindofproblem.Tryabitthenstudysolution.

46.Like#45butharder.

47.NeedBA:AC::BF:FEfor‖(6.2).Useeq∠∆s.

48.Similar∆sandAB:CD.

49.Need‖linefor6.4.

50.1)similar∆s2)PQ×MN@R

51.Need∆BAN~∆BCT.Findacyclic4-gononnew⊙.

52.Need∆AQB~∆APC.

53.PQ×AC@LPQ×BD@M NeedL≡M.

54.CE‖AB×BD@E NeedMP:NQ::PA:QB

55.Homologous:∆sorientedsimilarlyonAE,AF.Similar∆stwice.

56.Methodof#53.NeedCP:KP::CQ:KQ(lines×@P,Q)

57.Ratiolesson.Thinkaboutitandthenstudysolution.
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58.RS×⊙C@S,PNeedAB‖CP.

59.Adden⊙ thenshow∆AOE~∆ADE.

60.QR:BR::PQ:ABNeedQR:BR::RS:BCfor‖by6.2.

61.EM,FN‖AD×BC@M,N NeedEM=FN.

62.TL-TQ=BLinproportionof5.17.

63.5.23Need∆BDF~∆ACF.

64.Need∆FEH~∆BAD.Sym.otherhalfof‖gm.

65.Need∆ACD~∆CDE.

66.Lessoninratios.Tryhardforabitandthenstudysolution.

67.6.6radius=CP

68.6.6similar∆s

69.similar∆s

70.6.8.C1Need∠SCT=∟

71.CE‖AB:CE:CB:CB:BA

72.∆ECAeq∠∆BCD

73.Methodof#72withanextrastepfromBookV.

74.Usethecyclic4-gon'sen⊙.

75.EF×CD@Mthenthinkabout∆CEMand∆CFM.

76.Lessoninproofs.Study2.11.Assume∀D∈ABw/theequal∆s.

77.∆ADF~∆GEB

78.Need∆a∆BAD.

79.Needtwopairsofsimilartriangles.

80.CD•CE=AC•CB⇒ AC:CE::CD:CBorCE:AC::CB:CD

81.NeedDGFC≡cyclic4-gonthen3.36.C1.

82.Need∆AEB~∆ABDthenuse6.4.

83.Prooflesson.Try∆ACF~∆ABDwith6.19thenstudysolution.

84.Need∠APE=∠FQH

85.rect∟AEDGforuseassimilarfigurein6.25.

86.Purelogic.Howcanyousolvethiswith6.25?

87.Solutionverysimilarto#86.

88.seg⊙ and6.C.

89.6.DandDistributiveLaw.

90.6.D 1.51.6



61

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

ProblemSolutions

Theonlywayyouwillgetanythingoutoftheseproblemsistothink

aboutthesolutions,howtheyarebuiltup,andwhateverything

means,untiltheybecomeapartofyourunderstanding.Otherwise,

youarewastingyourtime.Butyouknewthat.

1.(2/3)²=4/9;√(100/144)=10/12

2.(3/5)×(7/9)=21/45=7/15

3.Let2xand3xrepresentthenumbers.

Then(2x+9)/(3x+9)=3/4andalgebrate.

4.((a+c)/(b+c))²=(a²+2ac+c²)/(b²+2bc+c²)

=(a²+2ac+ab)/(b²+2bc+ab)

=a(a+2c+b)/b(a+2c+b)=a/b

5.9:4::x+15:x∴9x=4x+60andalgebrate.Andxiswhose

share?

6.2x+4:3x+4::5:7∴14x+28=15x+20andalgebrate.

7.x:x-40::A:B

∴ 2x-40:x-40::14:5

∴ 10x-200=14x-560andalgebrate.

8.Let'swalkitthroughthisone.Theminutehandmoves12minute

marksforevery1minutemarkmovedbythehourhand.Soour

firstratiois12:1.

Wewanttoknowatwhatpointafterfiveo'clock,thehourhand

movesfrom5tothesameplacetheminutehandmovestofrom

12.Thefractionalpartofthishourisequaltotheminutehand's

movement,numerically,thoughtheyareinthe12:1proportion

together.So5+x:xisthenextratio,improperfractiontofraction.
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Wehave:

12:1::5+x:x

∴12x=5+xandx=5/11.

Sothevaluesofthesecondratioare5+(5/11)and5/11whichisat

5:27.272727...o'clock.Counter-intuitivelywehave

minuterate:hourrate::hourposition:minuteposition.

But12>1meansthelarger5+xhastobeoverthex.

Notealsothatthiswon'tworkfor12o'clockbecausethenitwould

calculatefrom12to13,thefirstratewouldhavetobe121/12:1,

andtherewouldbe26hoursinaday.

Itdoesworkfor0o'clockifyourememberthat12x=1xisnota

contradictionunlessyouimpetuouslyeliminatex.Itworksfinefor

x=0andthatisexactlywherethehandsare:bothpointingto0=

12.

9.A+B=140andA-B:A:4:9andA=x,B=140-x

∴ 2x-140:x:4:9 (A-B):A::4:9

∴ 18x-1260=4x

∴ 14x=1260andx=90=Aand140-90=50=B

10.A+B:B+C::5:4andA=B-60=C+68

∴ 2B-60:2B-128::5:4

∴ 8B-240=10B-640∴2B=400∴B=200,A=140,C=72

11.9t=4b+90d.∴t=(4/9)b+10

b+3:t::8:5∴b+3:(4/9)b+10:8:5

∴ 5b+15=32/9b+80∴13b=585∴b=45d.t=30d.

12.Letx=numberof10s.eachlengthcost

∴lengthsare10/xand13/x(10s.ofcloth×cost÷cost)

10/x+10:13/x+10::5:6

∴ 10(1/x+1):3/x:5:1 (a:b::c:d∴a:b-a::c:d-c)

∴ 2(1/x+1):3/x::1:1 (a:b::c:d∴a/5:b::c/5:d)

2(x+1)/x=3/x∴2x+2=3∴2x=1∴x=1/2(of10s.)

∴ x=5s.=cost/yard∴lengths:10/0.5=20and13/0.5=26
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FractionThing1

Youwillbedoingmorealgebrainlifethanpuregeometry.Solet's

expandyourunderstandingofproportion.Expressionsare

homogeneousinselectedvariablesifthesevariablessumtothe

samepowers,whichistheirdegreeofhomogeneity.Forexample,

invariablesa,b,c:3a⁴,2a²b²x,anda²bcyarehomogeneous,degree

4.Weonlycareaboutthea,b,cpowers.Nowleta:b::c:d.Ifwe

createanytwohomogeneousexpressionsinaandbandthesame

twoincandd,proportionismaintained.Sowecanpull

2a³+3a²bandb³+ab²

outofourhat(alldegree3)andknowthat

2a³+3a²b:b³+ab²::2c³+3c²d:d³+cd²

Sincea/b=c/d=k,a=bkandc=dk.Substitutetheseinthislast

proportionandyouwillseehowitworks.Inpractice,youwillbe

solvinganequation'salgebraicfractions.Iftheyfitthispattern,

theyreducefromwhatevermonstertheyaretoasimplerequation

ink,whichwillstillincludetheunknownsforsolvingtheproblem.

13.x:y::x+y:42andx:y::x-y:6

∴ x+y:42:x-y:6

∴ x+y:x-y:42:6(alternate)

∴ x+y:x-y:7:1

∴ 2x:2y:8:6 (a+b:a-b::c+d:c-d)

∴ x:y:4:3

∴ x=(4/3)y (1)

∴ 4:3::y/3:6 (2)

∴ y=24x=32

(1)nextwetakex:y::4:3andx:y::x-y:6∴4:3::x-y:6

(2)whichgivesusforx-y:6=(4/3)y-(3/3)y:6=y/3:6
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14.x-y:x+y::2:3

∴ 2x:2y::5:1 (a+b:a-b::c+d:c-d)

∴ x:y::5:1∴x=5y

x+y:xy:3:5

∴ 6y:xy:3:5

∴ 2:x::1:5 ((÷3)a/b=c/dandfactorouty/y)

∴ x=10y=2

15.x=gallonsbrandy,y=gallonswater

x+6:y+6::7:6∴x+6:x-y:7:1 (a:a-b::c:c-d)

x-6:y-6::6:5 ∴x-y:x-6::1:6 (a-b:b::c-d:d)

and x+6:x-y::7:1 (broughtdownforexaeq.)

∴ x+6:x-6::7:6 (exaequalifromlast2expressions)

∴ 2x:12::13:1 (a+b:a-b::c+d:c-d)

∴ x:6::13:1∴x=78gallonsbrandy

∴ 84:y+6::7:6∴12:y+6::1:6∴y+6=72

∴ y=66gallonswater

16.Numbers:5x:7xand3y:5y

5x+3y:7x+5y::9:13

∴ 5x+3y:2x+2y::9:4 (a:b-a::c:d-c)

∴ 5x+3y:x+y::9:2∴10x+6y=9x+9y∴x=3y

2x+2y=16 (hyp)∴6y+2y=8y=16

∴ y=2x=6∴numbersare30,42,6,10

FractionThing2

Let'sdoanotheralgebraicfractionthingthatcouldcomeinuseful.

Itbuildson5.12.Ifa/b=c/d=e/f=kthenfor∀p,q,r∈R:

((pan+qcn+ren)/(pbn+qdn+rfn))1/n=k (ε)

Fora=bk,c=dk,e=fk

∴ p(kb)n+q(kd)n+r(kf)n=pan+qcn+ren

∴ (ε)isjust(kn)1/n=a/b=c/d=e/f
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Thisistrueofanynumberofequalfractions;itjustmakesthe(ε)

fractionbiggerwhenyouhavemore.Thep,q,r,andncanbe

positiveornegative,integersorfractionsorirrationalslikeeandπ.

YoucanseethatEuclid's5.12isthecasewheren=1andp=q=r.

AndIhopeyouhavenoticedhowoftena/b=c/d=khascomeup.

Simplyrememberingthatequalthingsareequaltosomething,

evenifyoudon'tknowwhat,canbeusefulinalgebra.

17.x=pricesherry,y=pricebrandybothperdozen

2x+y=3×78=234 (1)

7x+2y=9×79=711(2)

3x=243 ((2)-2×(1))∴ x=81s.∴(from(1))y=72s.

18.x:yiswheattobarley

10x+4y=costofx+ybushels

11x+11y=sellingprice

∴ x+7y=hisgain(subtractingcostfromsales)

∴ 10x+4y:x+7y::100:433/4::(x4)400:175::(÷25)16:7

∴ 5x+2y:x+7y::8:7

∴ 35x+14y=8x+56y∴9x=14y∴x:y::14:9

19.5x,3x=circumferencesofwheels

2x+280=thedifferenceoftheropes

15x:3x(3+12:3wraps)::5:1=longerlength:shorterlength

Solet5yandy=lengthsoflongerandshorterropesinyards

then4y=2x+280 (5y-y=diffropes)

and5y/5x=y/3x+12(ropes/circumference)

∴ 2y/3x=12∴4y=72x

∴ 72x=2x+280∴x=4∴y=2

∴ circumferencesare20and12yards,ropes360and72yards
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20.LineABDC,AB=7,AD=20,trader's⊥ tackCE.JoinDE.

10:8::5:4=velocityprivateer:velocitytrader

(fromlastratios)::AD:BC:20:BC

∴ BC=(20×4)/5=16

∴ DC=16-BD=16-13=3andDE:CE:5:4LetCE=x

∴√(9+x²):x::5:4

∴ 9+x²:x²::25:16

∴ 9:x²::9:16 (a-b:b::c-d:d)

∴ x²=16∴x=±4

∴ DE=5∴AD+DE=25

21.Proof

E∈AD:AE=AC

∴∆CDB=∆CAE∴∆CDB:∆ACD::∆ACE:∆ACD

∴∆CDB:∆ACD::AE:AD(6.1)::AC:AB

∴∆ACD:∆ABD::AC:AB∴∆CBD:∆ACD::∆ACD:∆ABD

Note:Line3:::AC:ABfromline1

22.Method

AD⊥BCDK∈DA:DK=⅓DA

BE⊥ACEL∈BE:EL=⅓EB

KO‖BC×LO‖AC@O Orequired.

Proof

∆ABC,OBConBC,alt∆OBC=⅓alt∆ABC∴∆OBC=⅓∆ABC

Sym.∆OCA=⅓∆ABCandsym.samefor∆OCB

23.Proof

CDalt∠C×AB@D

∴∆OBC:∆ABC::OP:CD(6.1.C1)

∆OCA:∆ABC::OQ:CD

∆OAB:∆ABC::OR:CD

∴∑∆O[BC,CA,AB]:∆ABC::∑O[P,Q,R]:CD

∑∆O[BC,CA,AB]=∆ABC∴∑O[P,Q,R]=CD

Note:It'simportanttorecognizeequalitiesinproportions.



67

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

24.Proof

∆AFE=∆FDE(1.34)∆FDE=∆FDC(1.37)∴∆AFE=∆FDC

∴∆BFD:∆AFE::BD:DC(6.1)

∆AFE:∆EDC::AE:EC(6.1)::BD:DC(6.2)

∴∆BFD:∆AFE::∆AFE:∆EDC

Note:Inmydiagram,thisamountsto1:1::1:1,whichistrue...

25.Proof

CF:FB::AE:EB(6.2)DG:GB::AE:EB(6.2)

∴CF:FB::DG:GB∴FG‖CD(6.2)

Note:6.2'sproportionishowwesay"parallel"usingproportions.

26.Proof

OmdptCK(1.34)POQ‖AB×AC,BC@P,Q∴CP:PA::CO:OC(6.2)

CO=OK∴CP=PA∴PmdptACSym.QmdptBC

∴O∈ lineofmdptsofAC,BC

Nore:Thegamehasreallychanged.Learntothinkinproportions.

Heretheyareusedtoproveequality.Whatweretheyusedforin

#21through#25?

27.Proof

AD×BC@F∴AD=DF(1.26)

AD:DF::AE:EC(6.2)∴AE=EC

28.Proof

∆BED=∆CED(1.37)∴∆DFB=∆EFC

∆ADF:∆BDF::AF:BF(6.1)::AE:EC(6.2)

::∆AEF:∆EFC(6.1)::∆AEF:∆BDF∴∆ADF=∆AEF

Note:Don'tletyourinitialignoranceofhowoneusesBookVgetto

you.Juststartfiguringitoutbystudyingitsusageinthese

solutions.Getsomelightgoinginthedarkness.

29.Proof

AF(pr)×BC@H∴∆BFH:∆BFA::FH:FA(6.1)::∆CFH:∆CFA

∆AFB=∆AFC(#28)∴∆BFH:∆BFA::∆CFH:∆BFA

∴∆BFH=∆CFH∴BH=CH
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30.Proof

CGH‖DA×EF,AB@G,H∴CE,GA≡‖gm∴CG=DEGH=EA

CG:GH::CF:FB(6.2)∴DE:EA::CF:FB

31.Method

QmdptPAQR‖AC×BC@RPR×AC(pr)@SPSrequired

Proof

PR:RS::PQ:QA(6.2)PQ=QA∴PR=RS∴BC×/2PS@R

32.Proof

AF:FC::AD:DC(6.3)AE:EB::AD:DC(6.3)

∴AF:FC::AE:EB∴EF‖BC(6.2)

33.Proof

BmdptarcDBC(3.30)∴GE×/2∠DGC(3.27)∴DG:GC::DE:EC(6.3)

Sym.DF:FC::DE:EC∴DG:GC::DF:FC∴DG:DF::GC:FC(5.16)

34.Proof

PA×/2∠CPD∴CA:AD::CP:DP(6.3)

∠APB=∟ (3.31)∴PB×/2ext∠P∴CB:DB::CP:PD(6.A)

∴CA:AD::CB:BD∴AC:BC::AD:BD

35.Method

∀magnitudeM:⊙A,M×⊙B,2M@C.C'JoinC[A,B]

CD×/2∠ACB×AB@D EmdptDB D,Erequired

Proof

AC:CB::AD:DBBC=2AC∴DB=2AD∴AD=DE=EB

36.Method

⊙diamABCmdptarcABCD(pr)×⊙ @E

PE⊥CE×BA(pr)@P Prequired

Proof

arcAC=arcBC∴ED×/2∠AEB(3.27)∴AE:EB::AD:DB(6.3)

∠DEP=∟ ∴EP×/2ext∠E∴AE:EB::AP:BP(6.A)∴AD:DB::AP:BP
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37.Proof

AB=AE(hyp)∴∠AEB=∠ABC

∠EAD=∠BAC∴ED=BC(1.26)

AC×/2∠BAD AE⊥AC∴BC:CD::BA:AD(6.3)BE:ED::BC:CD(6.A)

ED=BC∴BE:BC::BC:CD

Note:ThepastfewproblemshavebeenTodhunter'swayof

introducingthediagramsof6.3and6.Aintovarioussettings.This

ishowmostproblemsarecreated.

38.Proof

BD:DC::BA:AC(6.3)∴BD-DC:BD+DC::AB-AC:AB+AC

BD-DC=2DO BD+DC=2BO

∴2DO:2BO::DO:BO(5.15)∴DO:BO::AB-AC:AB+AC

Note:Line2isanexampleofusingthediagram.

39.Proof

BD:DC::BE:EC(6.3,A)∴BD-DC:DC::BE-EC:EC

∴2OD:DC::2OC:EC∴OD:DC::OC:EC

∴OD:OD+DC::OC:OC+EC∴OD:OC::OC:OE

OC=OB∴OD:OB::OB:OE

40.Proof

AD×FE@G DE(pr)to∀H ∠GEA=∠DEC∴AE×/2∠GEH

∴DE:EG::DA:GASym.DF:FG::DA:GA∴DE:EG::DF:FG

∴DE:DF::EG:FG∴DG×/2∠FDE(6.3)∴∠GDF,FDB=∠GDE,ECD

∴∠GDB=∠GDC=∟ ∴AD⊥BCSym.other2∠

41.Proof

KL:AB::CL:CBMN:DE::FM:FD(6.4)

∴CL:CB::FM:FD(#30)

∴KL:AB::MN:DE∴KL:MN::AB:DE

AB=DE(hyp)∴KL=MN∴∆CKL=∆FMN(1.38)

42.Proof

CE:AB::FE:FBED:AB::GD:GB(6.4)

CE=ED∴FE:FB::GD:GB∴FG‖DE(6.2)‖AB
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43.Proof

BN:AM::CB:CA∴BN:AMconstant

Note:Yes,it'sthateasy.BCandACarefixed.

44.Proof

AM:AC::BN:BC(6.4)∴AM:BN::AC:BC

AM:BNfixed∴AC:BCfixed∴Cfixed

45.Method/Proof

∀D,E∈AC,BCAF,CG,BH⊥DE∴AF:CG::AD:DC(6.4)

AF:CFgiven∴DfixedSym.Efixed∴correctDEgiven

Note:Youcouldn'teasilyconstructDE.Buttheproofshowsthat

fromanyD,EyoucanfindtherequiredD,E.

46.Method/Proof

AC(pr)toD:AC:CD=givenratioJoinBD ECF⊥BD ECFrequired

AM⊥EFEF×BD@N∴CM:CN:AC:DC(6.4)

47.Proof

∠BFD=∠CFE(1.15)∠DBF=∠FEC(1.29)

∴∆BFDeq∠∆EFC(1.32)∴BD:CE::BF:FE

BD=BACA=CE∴BA:AC::BF:FE∴AF‖CE(6.2)‖BD

48.Proof

AC×BD@O ∠DOC=∠BOA(1.15)∴∆DOC~∆BOA

∴AO:CO::AB:CD(6.4)::2:1∴OC=⅓ACOD=⅓BD

49.Proof

OE‖AB×BC@O∴AB:AC::OE:EC(6.4)::OE:BD(hyp)::EF:DF(6.4)

50.Proof

1)PY,QZ⊥AB,CD∴∆PMY~∆QNZ

∴PM:QN::PY:QZ∴PM:QNconstant

2)NM×PQ@R∴∆PMR~∆QNR∴RP:RQ::PM:QN

∴RP:RQconstant∴R∈∀MN
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51.Proof

∠CAT=∠CBT=∟ ∴CBATcyclic4-gon

∴∠CAB=∠CTB(3.21)

∴∠ABN=∠CTB∟ANB=∟CBT∴∆BAN~∆BCT(1.32)

∴BT:BC::BN:NA(6.4)

52.Proof

∠APC=2(2∟-∠ADC)(3.20,3.22)∴∠APC=2∠ADB

∠AQB=2∠ADB(3.20)∴∠AQB=∠APC

∴isos∆AQB~isos∆APC∴PA:QA::AC:AB

Note:Ordiametershereareproportionaltosidesof∆ABC.

53.Proof

PQ×CA@L∴LP:LQ::AP:CQ(6.4)

PQ×BD@M∴MP:MQ::PB:QD

AP:PB::DQ:QC(hyp)∴LP:LQ::MP:MQ∴L≡M

Note:Sym.PQ,AD,BCconcur.Youwillneedthismethodagain.

54.Proof

CE‖AB×BD@ECmdptAD∴EmdptBD(6.2)

∆MAP~∆DCE∴MP:PA::DE:EC(6.4)

∆NBQ~∆BCE∴NQ:QB::BE:EC(6.4)::DE:EC

∴MP:PA::NQ:QB∴MP:NQ::PA:QB

MP=NQ(1.34)∴PA=QB

55.Proof

∆AEM~∆AFM∴AM:AN::AE:AF::AB:AC∴AM:MP::AB:BD

∴∆AMP~∆ABD(6.6)∴P∈AD

Note:IfEB,AFhomologous,P∈BC.

56.Proof

GE(pr)×CA(pr)@P∴CP:KP::CG:KE(6.4)

FH(pr)×CA(pr)@Q∴CQ:KQ::CF:KH(6.4)

∆CGK~∆KEA∴CG:GK::KE:EA∴CG:CF::KE:KH

∴CG:KE::CF:KH∴CP:KP::CQ:KQ∴P≡Q
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57.Method/Proof

line‖BC@distanceX×line‖CA@distanceY@D

∴⊥fromDonBC:⊥fromDonCA=X:YJoinCD

∀P∈CD:PM,PN⊥BC,CA∴PM:X::CP:CD::PN:Y(6.4)

∴PM:PN::X:Y(for∀P∈CD)

Sym.w/lines‖CA,AB,∃!E:⊥fromEonCA:⊥ fromEonAB=Y:Z

∴∀P∈AE:PM:PN=Y:Z∴CD×AE@O

∴⊥ onOtoBC,CA,ABinratioX:Y:Z

Note:Makesureyouunderstandthisone.

58.Proof

RS×⊙C@S,P×BC(pr)@T

∠CPS=∠CSP(1.5)=∠ASR(1.15)=∠ARS(1.5)

∴AB‖CP∴TC:TB::CP:BR(6.4)∴TC:TBfixed∴Tfixed

Note:Ratiosshowfixedpointbyhaveaknownfixedratio(CP:BR)

proportionaltoaratiowiththepoint(TC:TB).

59.Proof

∆AOE,AED:∠EAO=∠EAO ∠AEO=∠ADE(4.14,3.27)

∴∆AOE~∆AED(1.32)∴AO:AE::AE:AD

60.Proof

QR:BR::PQ:AB(6.4)::PQ:DC(1.34)::SQ:CS(6.4)

∴QR:BR::RS:BC∴RS‖BC(6.2)‖AD

Note:‖in∆cutssidesproportionallyin6.2.So,conversely,weuse

theproportionsfrom6.2toshow‖.Butyouknewthat.

61.Proof

EM,FN‖AD×BC@M,N

EM:MC::AD:DC(6.4)::AD:DB(hyp)::FN:NB(6.4)

∴EM:FN::MC:NB

EM:MB::PD:DB(6.4)::PD:DC(hyp)::FN:NC(6.4)

∴EM:FN::MB:NC

∴MC:NB::MB:NC∴MC:MB::NB:NC∴MC:CB:NB:CB∴MC=NB

EM:FN::MC:NB∴EM=FN∴FE‖NM(1.33)∴EF‖BC
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62.Proof

SL:SP::TL:TQ(6.4)∴SL-SP:SP::TL-TQ:TQ(5.17)∴EL:SP::BL:SQ

SP=SE=3ET=3TQ∴EB=2BL∴BL=BT

63.Proof

BD:EF::CD:CFEF:AC::FD:CD(6.4)∴BD:AC:FD:CF(5.23)

∴BD:FD::AC:CF∴∆BDF~∆ACF∴∠BFD=∠AFC

64.Proof

∆OAE~∆OBF∴OA:OE::OB:OF∴∆OEF=∆OAB∴∠OFE=∠OBA

Sym.∠OEH=∠OCB=∠BDA∴∠FEH=∠BAD

∠EFH=∠ABD(proven)∴∠FHE=∠BDA∴∆FEH~∆BAD

Sym.∆FGH~∆BCD∴‖EFGH~‖gmABCD

65.Proof

BF×CD@F∴FB=FC=FD(v2#18)∴B,C,D∈⊙F,FB∴∠CBD=∟

∴∠EBD=∟ (3.31)∴CBEcolinear(1.14)Sym.DBAcolinear

∠BCD=∠CAB∠BDC=∠DEB(3.32)∴∆ACD~∆CDE

∴ED:DC::DC:CA

66.Method

FmdptarcEGKH∈chordEK:EH:HK=givenratio

FH(pr)×arcEDK@Lrequired

Proof

arcEF=arcFK∴∠ELF=∠FLK(3.27)∴EL:LK::EH:HK(6.3)

67.Proof

CA:CP:CP:CB∴∆ACP~∆PCB(6.6)∴∠CPA=∠CBP

Note:Giventheproportionof6.6,youhavetwosimilar∆fromthe

pointsinthetworatios.Butmakesureyougettheorientationright.

68.Proof

BD:BA:BA:BC∴∆BDA~∆BAC(6.6)∴∠BAC=∟BDA

Haveyounoticedhowoftenyouuse6.4thenhyporconandthen

6.4again?Doingthisisoneofyourtools.
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69.Proof

∠BDA=∠CDA=∟ BD:AD:AD:CD∴∆BDA~∆ADC(6.6)

∴∠BAD=∠ACD ∠ABD=∠CAD

∴∠BAC=∠BAD+∠DAC=∠B+∠C∴∠A=∟

70.Proof

∠SCT=∟ (v2#30)∴SP:CP::CP:PT(6.8.C1)

∴SP•PT=CP²(6.17)=radius²∴SP•PTconstant

71.Method

CE‖AB:CE:CB::CB:BABE×AC@D DF‖AB×BC@Frequired

Proof

DF:FB::CE:CB(6.4)::CB:BA(con)::CF:FD(6.4)

∴DF:FB::CF:FD∴FB:DF::DF:CF(5.B)

Note:Therequiredlineisthemeanproportionalbetweenits

segmentsofthebase.

72.Proof

∆ECAeq∠∆BCD∴EC:CA::BC:CD(6.4)∴∆ECD=∆ACB(6.15)

Note:From6.15proportion,trianglefrompointsofextremes

equalstrianglefrompointsofmeans.

73.Proof

∆ABEeq∠∆CBF∴AB:BE::CB:BF(6.4)

∴AB:CB::BE:BF∴∆ABF=∆CBE(6.15)

74.Proof

∠AOD=∠BOC(1.15)∠DAO,ADO=∠CBO,BCO(3.21)

∴∆AOD~∆BOCSym.∆COD~∆BOA

Note:From∆AOD~∆BOC∴DO:AO:CO:BO(6.4)

∴DO•BO=AO•CO(6.16)whichproves3.35ifyouthinkaboutit.

75.Proof

EF×CD@M∴GO:EM::CO:CM LO:FM::CO:CM(6.4)

∴GO:EM::LO:FM Sym.KO:HO::EM:EM

∴GO:LO::KO:HO∴GO•HO=LO•KO(6.16)
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76.Method/Proof

AssumeD:∆ADE=∆DBC

∴AD:DB::BC:DE(6.15)

BC:DE::AB:AD(6.4)∴AD:DB::AB:AD∴DB:AB=AD²(6.16)

∴takeD∈ABbymethodof2.11

Note:Proofisbyanalysisusingpurereason.Ifyouknow2.11,you

don'tevenneedadiagram.

77.Proof

∆ADF~∆GEB∴EB:EG::DF:DA∴AD•EB=EG•DF(6.17)=DE²

78.Proof

∠ABD=∠AEC(3.21)∠ADB=∠ACE(con)∴∆BAD~∆EAC(1.32)

∴AB:AD::AE:AC∴AC•AB=AD•AE(6.17)

79.Proof

∆AFE~∆CFB∴EF:FB::FA:FC(6.4)

∆GFC~∆BFA∴BF:FG::FA:FC(6.4)

∴EF:FB::BF:FG∴EF•FG=BF²(6.17)

80.Proof

AC:CE::CD:CB(hyp)∠ACE=∠DCB∴∆ACE~∆DCB(6.6)

∴∠CEA=∠CBD∴CBEA≡cyclic4-gon

∴EmdptarcAEB∴∠C,ABfixed⇒⊙CBEAfixed∴Efixed

Note:Learnhowtounwind6.17.Seehintforthisproblem.Also,

figureoutwhythosetwothingsinline1makethe∆ssimilarby6.6

andwhy∠CEA=∠CDBmakesthecyclic4-gon.

81.Proof

∠DFC+∠ACD+∠BDC+½∠ACB=2∟ (1.32)

∠DGC+∠ACD+∠BDC+½∠ADB=2∟

∴∠DFC+½∠ACB=∠DGC+½∠ADB

∠DFC=∠DGC(3.21)∴DGFC≡cyclic4-gon

∴EG•ED=EF•EC(3.36.C1)∴EF:EG::ED:EC
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82.Proof

∠AEB=∠ACB(3.21)=∠ABC(1.5)∴∆AEB~∆ABD(1.32)

∴DA:AB::AB:AE(6.4)∴DA•AE=AB²(6.17)

83.Proof

∆ACF~∆ABD∴∆ACF:∆ABD:AC²:AB²(6.19)

::AB•BC:AB²(4.10)::BC:AB∴∆ACF:BCFD::BC:AB(5.C)

AC=BD∴∆ACF:BCFD::BC:BD

∆BCD~∆BAD∴∆ACF:BCFD::BD:BA

84.Proof

∆AEF~∆FHC∴AE:AF::FH:FC

AP,FQ=½AF,½AC∴AE:AP::FH:FQ

∴∆AEP~∆FHQ(6.6)∴∠APE=∠FQH∴EP‖HQ(1.28)

85.Method/Proof

CH⊥AB:rect∟AFCH

rect∟AEDG:AEDG~AFCH AEDG=∆ABC(6.25)E,G∈AH,AF

∴D∈AC(6.26)∴AED=½AEDG=½∆ABC∴EDrequired.

86.Method/Proof

∀chordCBD:CB•BDknown∴CB:BDknown∴CB•BDby6.25

∴chordCBDfromlaststeprequired

Note:Eventually,youwillrealizethatwhenaproblemissufficiently

vague,itssolutionisamoregeneralonelikethis.

87.Method/Proof

∀BEtanto⊙A⇒∀secantBCD:BC•BD=BE²

BD=2BC∴BC•2BCby6.25⇒secantBCDrequired.

Note:BC•BD=2BC²=BE²Sotoconstructananswerwouldbe

quiteataskforEuclid.Numerically,BC=BE/√2
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88.Method/Proof

seg⊙ onBC=∠A∴diam⊙BCknown

∴magnitudeADalt∠Aisknown(6.C)

EF‖BC@distanceADfromBC×seg⊙ @A,A'

∆ABCor∆A'BCrequired

89.Proof

APCB≡cyclic4-gon∴PB•AC=PA•BC+PC•AB(6.D)

AC=AB=BC∴AC•PB=AC(PA+PC)∴PB=PA+PC

90.Proof

∠ABD=∠ACD=∟ ∴ABCD≡cyclic4-gon

∴AD•BC=AB•CD+AC•BD(6.D)

AB=AC∴∠ABC=∠ACB(1.5)∴∠DBC=∠DCB∴DB=DC(1.6)

∴AD•BC=AB•DB+AB•DB=2(AB•DB)
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Notation

Labellingisdonetoptobottom,lefttoright;orclockwisefromtop-

leftapexofnon-triangularfigure.Labellinginpropositionsfollows

thatoftheoriginal1867diagrams.

Operators

intersect,cut ×

bisect,bisector ×/2

trisect ×/3

at @

parallel ‖

between ⋅|⋅

AbetweenBandC A⋅|⋅(B,C)

perpendicular ⊥

ABperpendiculartoCD AB⊥CD

equivalent,equalineveryway≡

equalinmagnitude =

on ∈

noton ∉

equilateral(equalsides) eqS

equiangular eq∠

equidistant eqD

distancefromAtoB D(A,B)

absolutedifference ~

|a-b| ~(a,b)ora~b

summation ∑

A+D+C+D ∑[A-D]

Points

onorendpointsoflines A,B,C,...

consideredinthemselves P,R,S,..

ascenterofafigure O
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Lines

byendpoints AB

creationfrompoints JoinAB

JoinAB,AC,AD JoinA[B-D]

mid-point mdpt

PmdptAB,QmdptCD P,QmdptAB,CD

Angles

angle ∠

interiorangle int∠

exteriorangle ext∠

alternateangle alt∠

oppositeangle opp∠

rightangle ∟

Triangles

triangle ∆

righttriangle ⊿

∀triangle ∆ABC

equilateraltriangle eqS∆

equiangulartriangle eq∠∆

isoscelestriangle isos∆

CFbisectorofangleC CF×/2∠C

ADmedianonangleA ADmed∠A

BEaltitudeonangleB BEalt∠B

Circles

circle ⊙

createbycenterandradius ⊙A,AB

asexistingcircle ⊙A

asdefinedbythreepoints ⊙ABC

touchingcenter oncenter

oncircumference ∈⊙

incircle'swhitespace in⊙

linePQtangent@pointA tangentPAQ
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circumcircle en⊙

inscribedcircle in⊙

escribedcircle ex⊙

Polygons

polygon n-gon

bynumberofsides(4+) 4-gon

parallelogram ‖gm

rectangle rect∟

rectangle,sidesAB,CD AB•CD

squareonlineAB AB²

Logic

therefore ∴

symmetrically Sym.

byhypothesis (hyp)

byconstruction (con)

contradiction ↴

any,every,each,all ∀

exists,existsonlyone ∃,∃!

not,notequivalent !!≡

ifandonlyif iff
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Euclid'sAxioms,Postulates,andDefinitions

Allofthefollowingarefrom Loney'slasteditionofTodhunter's

Euclid.Theirnumberingdiffersslightlyfrom anotherversionof

Todhunter's.Andlookingaround,thereisnoconclusivenumbering.

Allareclose.Beyondthat,youwillfindthatthereisabitofback

andforthbetweenaxiomsandpostulatesfromtexttotextaswell.

Corollariesdatefrom the17thCandcandifferfrom texttotext.

ThenumberingofthepropositionsisEuclid'sandisthesameinall

Euclidtexts.

Euclid'sAxioms

BookI

a.1Thingsequaltothesamethingarealsoequaltooneanother.

a.2Thingsaddedtoequalsmakeequals.

a.3Thingstakenfromequalsleaveequals.

a.6Thingstwicethesamethingareequaltoeachother.

a.7Thingshalfofthesamethingareequaltoeachother.

a.8Thewholeisgreaterthanitspart.

a.9Magnitudesthatcanbemadetocoincideareequal.

a.10Twolinescannotencloseaspace.Theymusthave0,1,orall

pointsincommon.

a.11Allrightanglesareequal.

a.12Ifalinecuttwootherlinessuchthat,ononesideofthefirst,

theothertwomakeanglessummingtolessthantworightangles,

thelines,extendedonthatside,mustintersect.
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BookV

a.5.1Equimultiplesofthesameorequalmagnitudesareequalto

eachother.

a.5.2Themagnitudesofwhichthesameorequalmagnitudesare

equimultiplesareequaltooneanother.

a.5.3Amultipleofagreatermagnitudeisgreaterthanthesame

multipleofalessermagnitude.

a.5.4Themagnitudeofwhichamultipleisgreaterthanthesame

multipleofanotherisgreaterthanthatothermagnitude.

Euclid'sPostulates

p.1.Alinemaybedrawnbetweenanytwopoints.

p.2.Alinemaybeindefinitelyextended.

p.3.Anypointandanylinefromitmaybeusedtoconstructa

circle.

Euclid'sDefinitions

BookI

d.1.1Apointispositionwithoutmagnitude.

d.1.2Alineislengthwithoutbreadth.

d.1.3Theextremitiesandintersectionsoflinesarepoints.

d.1.5Asurfaceislengthandbreadth.

d.1.6Theboundariesofsurfacesarelines.

d.1.7Aplaneisasurfacesuchthat,foranytwopoints,theirline

liesentirelyonthesurface.

d.1.8Aplaneangleistheinclinationoftwolinestooneanother

whichmeetontheplane.

d.1.9Aplanerectilinearangleistheplaneangleoftwostraight

lineswhichmeetattheirvertex.

d.1.10Whenalinemeetsanothersothatthetwoanglescreatedby

theformerononesideofthelatterareequal,theseareright

anglesandthelinesareperpendicular.

d.1.11Anobtuseangleisgreaterthanarightangle.

d.1.12Anacuteangleislessthanarightangle.

d.1.13Aplanefigureisanyshapeenclosedbylines,whichareits
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perimeter.

d.1.15Acircleisaplanefigureboundedbyitscircumference,

whichisequidistantfromitscenter.

d.1.20Atriangleisboundedbythreestraightlines.Anyofits

angularpointscanbeitsapexwhichisoppositeitsbase.

d.1.22Apolygonorn-gonisaplanefigurewithnlinesforsides.A

figurewith4sidesisa4-gonor"quadrilateral."

d.1.23Anequilateraltrianglehasthreeequalsides.

d.1.24Anisoscelestrianglehastwoequalsides.

d.1.29Parallellinesarecoplanarlineswhichcannotbeproducedto

intersect.

d.1.30Aparallelogramisa4-gonofopposingparallelsides.

d.1.31AsquareisaneqS4-gonwithonerightangle.

d.1.33ArhombusisaneqS4-gonwithnorightangles.

BookII

d.2.1∀rectangleABCDiscontainedbyanytwoadjacentsides.In

ournotation,thisis"rectangleABCD≡AB•AD"

d.2.2Ina‖gm,therearetwointernal‖gmsonadiagonalandtwo

complements.Thecomplementscombinedwitheitherinternal‖gm

isagnomon.

d.2.3∀ABproducedinbothdirections:ifwechooseapoint(cut)

betweenAandB,wedivideABinternally.Ifwechooseapointto

eitherside,outsideofAB,wedivideABexternally.

BookIII

d.3.1Equalcircles(⊙)haveequalradii,thereforeequaldiameters.

d.3.2Alinetouchesa⊙ ifitmeetsthe⊙ and,produced,doesnot

cutit.Thisisatangent(tan)withitspointofcontact.

d.3.3⊙stouchwhentheymeetbutdonotcuteachother.If⊙Ais

in⊙Btheytouchinternally,elseexternally.

d.3.4Alinecuttinga⊙ attwopointsisasecant.

d.3.5Achordisalinejoiningtwopoints∈⊙.Asecantproducesa

chord.

d.3.6Chordsareequidistant(eqD)from⊙ centerwhentheir
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perpendiculars(⊥)fromtheirmidpointsto⊙ centerareequal.Of

twochords,theonewiththegreatest⊥ isfartherfromcenter.

d.3.7Asegmentofa⊙ isachordandwhatitcutsoff,awayfrom

⊙ center.Segmentsofcirclesaresimilariftheiranglesareequal.

d.3.8Asegment'sangleiscontainedbyanypoint∈⊙ joinedtothe

endpointsofitschord.Thisgivesasegmenttwoangles.

d.3.9Anypartofa⊙'scircumferenceisanarc.

d.3.10Asectorofa⊙ isboundedbytworadiiandthearcbetween

them.

d.3.11⊙swithsamecenterareconcentric.

BookIV

1.Ann-gonisinscribedinanothern-gonwheneveryvertexofthe

firstn-gonisonthesideofthesecond.

2.Ann-gonisdescribedonanothern-gonwheneveryvertexofthe

secondn-gonisonasideofthefirst.

3.Ann-gonisinscribedina⊙ whenallofitsverticeslieonthe⊙.

4.Ann-gonisdescribedona⊙ whenallofitssidesaretangentto

the⊙.

5.A⊙ isinscribedinann-gonwhenallsidesofthen-gonare

tangenttothe⊙.

6.A⊙ isdescribedonann-gonwhenallverticesofthen-gonlie

onthe⊙.

7.Alineisplacedina⊙ whenitismadeachordofthe⊙.

BookV

d.5.1Alessermagnitudeisapartorsubmultipleofagreaterwhen

thelessermeasuresthegreaterexactly.

d.5.2Agreatermagnitudeisamultipleofalesserwhenthelesser

measuresthegreaterexactly.

d.5.3Ratioisthecomparisonoftwomagnitudesofthesamekind:

length,area,arc,etc.

d.5.5Whentworatios,a:bandc:dhavethesameratiotheyare

expressedasa:b::c:d
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d.5.6Magnitudeswhichhavethesameratioarecalled

proportionalsandexpressionslikea:b::c:dareproportions.

d.5.9Proportionsconsistofatleastthreemembers.

d.5.10Ifa:b::b:c,thena:cistheduplicateratioofa:b.

d.5.11Ifa:b::b:c::c:d,thena:disthetriplicateratioofa:bandsoon.

Thiskindofproportioniscalledcontinuedproportion.

d.5.12Ofanynumberofcontinuedproportionals,thefirsthasto

thelastthecompoundratiooftheseries.

BookVI

d.6.1.Similarrectilinealfiguresareequiangularandhave

proportionalsidesaboutthoseangles.

d.6.2.Tworeciprocaltrianglesorparallelograms(A,B)havesides

abouttheiranglessuchthat

side1ofA:side1ofB::side2ofB:side2ofA

d.6.3.Alineiscutintoextremeandmeanratiowhen

whole:greatersegment::greater:lesser

d.6.4.Thealtitudeofafigureisthelinefromitsvertex,

perpendiculartoitsbase.


